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1. E2 algebraic structure 

,)(b~ bbbf  ),(b~ bbfb 

1/1)(  bbbbf
Then, the new algebra  {    ,      ,                 }                       

satisfies  
b~ b~ bbn 

 b]b~[n, ,b~]b~[n,

0
]b~,b~[ n



Similarly, one can also do the same thing for 

fermion pairing algebras:

Let                         be the number operator of 

fermions in a single-j shell and 

be the monopole pair

creation operator in the j-orbit. One can 

fermionic E2 algebraic with

where                        and                         are

quasi-spin and its third component in the j-orbit.







2. Applications to Boson models

(1)The extended Bose-Hubbad model

Similar to the original BH model, we consider

an extended BH model with number-dependent

multi-site hoping terms[                                   ]

and           

with the restriction that no any one

of 



(a) The superfluid phase with                                                 

The ground state in this case is non-degenerate and mostly

delocalized with

While other excited states are all degenerate with excitation

energy being zero like the BCS spectrum.





(b) General solutions



They are with in the 



(c) Special cases [exact ground state] 



(2) Application to the IBM 

[Phys. Rev. C91  (2015)  034305]
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Notes on solutions to the standard pairing model

• Hamiltonian for pairing interaction in non-degenerate

shells:

• Is the pairing model with non-degenerate orbits 

integrable?
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R.W. Richardson, Phys. Lett. 5 (1963) 82

M. Gaudin, J. Phys. (Paris) 37 (1976) 1087.



Pairing with non-degenerate orbits
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• A hamiltonian for pairing in non-degenerate

shells is integrable! Solution:



• Let y(x) be a polynomial of degree k satisfying the 

following second order Fuchsian equation:

A(x)y(x)+B(x) y(x)-V(x)y(x)=0

where 
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V(x) is a polynomial of degree n-2 need to be determined  

G. Szego, Amer. Math. Soc. Colloq. Publ. vol. 23, AMS,1975

T J Stieltjes, C. R. Acad Sci Paris 100 (1885) 439;620

E B Van Vleck, Bull. Amer. Math. Soc. 4 (1898) 426.

T J Stieltjes



• Let y(x) be a polynomial of degree k with k 

zeros xi:
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One can easily check that y(x) satisfy
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A(x)y(x)+B(x) y(x)-V(x)y(x)=0

.,...,2,1,0
)(

2

11

ki
axxx

n

i

k

j ji








  





• The corresponding Fuchsian equation is 

A(x)y(x)+B(x) y(x)-V(x)y(x)=0

The Heine-Stieltjes correspondence
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The number of solutions should be equal exactly to  
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When i=-1/2 corresponding to the Nilsson model, we have
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Heine-Stieltjes and Van Vleck Polys
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One will get two matrix equations:

Fv=b0v,                           Pv=0, where v={a0, a1,…, ak}.

A(x)y(x)+B(x) y(x)-V(x)y(x)=0

provides unique solution for

{b1, b2,…, bn-1} as a function of

{a0, a1,…, ak}.

solves {a0, a1,…, ak} 

And b0.
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is different from that shown  in A. Faribault et al, PRB 83, 

235124  (2011) using Ricatti type equations.



Advantage of the procedure:

Fv=b0v and     Pv=0, where v={a0, a1,…, ak},

(k+1)(k+1)                 (n-1) (k+1)

so any recursive and iteration method can be used. 

No divergence occurs in variations of both {a0, a1,…, ak}

and{b0, b1,…, bn-1}  in solving the two equations

X. Guan, K.D. Launey, M. Xie, L. Bao, F. Pan, and 

J. P. Draayer, Phys. Rev. C 86 (2012) 024313;

Comp. Phys. Commun. 185  (2014) 2714.







3. The extended monopole pairing







for the binding energy.



which is the average value of the J=0 two-body matrix

Elements of the universal ds-shell Hamiltonian of

Wildenthal.

From which we get 





The pairing energy contribution to the binding as a 

Function of the mass number A.
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Brief Summary

1)   We established an E2 algebra to construct exactly solvable

models for both Boson and Fermion systems. 

2)  In application of the model for the IBM, an extended U(5)-

O(6) Hamiltonian is constructed, which produces spectrum

and E2 transition rates more close to those obtained from the

collective E(5) model.

3)  An exactly solvable spherical mean-field plus the extended  

monopole pairing  up to infinite order is thus established,

which includes the extended pairing model for deformed

mean-field theory as a special case. 

4) Our analysis shows that the model results with 11 j-orbits for

12-28O are consistent with those of the ab initio SA-NCSM.
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