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						 	 	 	 	 						Quantum	phase	transi/ons	(QPT)	:	
	
				 	 		 	 		Rather	extensively	studied	in			Even-even nuclei  
	-		Shape	phase	transi/ons	:	abrupt	changes	in	g.s.	proper/es	due	to	compe//on	between		
				different	shapes.	
	
	-		Importance	of	choice	of	a	right	control	parameter:	experimental	recogni0on	of	cri0cal	
				phenomena	only	when	using	an	empirical	structure	property,	e.g.,	E(2+),	which	varies		
				almost	con/nuously,	rather	than	N	(discon/nuous	!)									(Casten,	Zamfir,	Brenner,	1993)	.	
	
-  Theore0cal:	classes	of	symmetries	as	cri0cal	point	solu0ons	in	addi/on	to	the	three	IBM	

dynamical	symmetries.	Iachello:			X(5),	E(5).		
	
	-				Certain	nuclei	experimentally	recognized	as	close	to	a	cri/cal	point	symmetry.	
	
																																																				Much	less	studied	in	Odd-mass nuclei	
	-			Experimental:			major	difficulty:	diversity	of	low-energy	excita/ons,	cannot		follow	the		
																																	same	quan/ty	in	many	nuclei.	
	-			Theore0cal:	several	par/cular	cri/cal	point	Bose-Fermi	symmetries	proposed.		
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Extremely	pure	wave	func;ons	(high	j-purity)	:	nearly	iden/cal	effects	for	any	UPO	
à Apply	inves/ga/on	method	(e.g.,	correla/ons	between	certain	level	structure		
						observables)	to	different	mass	regions	à	cover	consistent	part	of	nuclear	map		

Empirical	approach:	
	Inves0gate	evolu0on	of		level	structures	based	on	intruder,	or	unique	parity	orbitals	(UPO)	

Shell	28	–	50			:	1f7/2,		2p3/2,		1f5/2,		2p1/2,														1g9/2	
	
Shell	50	–	82			:	1g7/2,		2d5/2,		2d3/2,		3s1/2,													1h11/2	
	
Shell	82	–	126	:	1h9/2,		2f7/2,		2f5/2,		3p3/2,		3p1/2,		1i13/2	

Unique	parity	orbitals	(UPO)	considered:	

ENSDF:	~	500	nuclei	with		30	≤	Z	≤	95	

?#1:		the	influence	of	unpaired	fermion	on	the	loca/on	and	nature	of	PT		
?#2:		iden/fy	observables	related	to	control	and	order	parameters	
?#3:		signatures	of	the	QPT;				possible	cri/cal	point	nuclei	
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Relative excitation energies:				E(I)=E*(I)-E*(j)	
			E(j+2),	E(j+4),		E(j+1)	
	
Energy ratios:																											Rj+4/j+2	=	E(j+4)/E(j+2)	
	
	
Signature splitting index:	Rs

j	=	[E(j+2)-E(j+1)]/E(j+2)	
	

j	+	1	

j	

j	+	2	

j	+	4	

favored	 unfavored	

j	+	3	

Strong	coupling:	
					Rj+4/j+2	=	(4j+10)/(2j+3)	:					≈	2.29						(2.333;	2.286;	2.25		for	g9/2,	h11/2,	i13/2)	
	
					Rsj	=		(j+2)/(2j+3)											:					≈	0.54	

Structures		
based	on	
UPO	of	spin	j	
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																											(i)		Weak	coupling	
				When:	For	very	small	core	deforma0ons		:	up	to	β2	≈	0.14	(R4/2	=	E(4+)/E(2+)	≈	2.0	to	~2.2)	
à	favored	states		j,	j+2,	j+4,	… :	spacings	similar	to	gsb	(0+,	2+,	4+,	…)	of	the	core.	

																											(ii)	Strong	coupling		(deforma/on	alignment)	
										When:		Coriolis	interac/on	m.e.	are	small	compared	to	s.p.	energy	splijngs;	
													(a)	For	large	deforma0ons	β2	>	~0.24		(R4/2	≥	3.0)	
													(b)	small	Coriolis	m.e.;		large-j	(UPO):	when	odd	par/cle	in	high-Ω	Nilsson	orbitals.	
à	favored	(j,	j+2,	j+2,	…)	and	unfavored	(j+1,	j+3,	…)	merge	into	a	ΔI=1	rota;onal	band.		

																										(iii)	Decoupling		(rota/onal	alignment)	
										When:	Coriolis	interac/on	is	strong	and	cannot	be	neglected;	
															for	large-j	UPO:	when	odd	par/cle	in	low-Ω	states;	
															occurs	for	intermediate	deforma0ons:	β2		~0.14	to	~0.23	(R4/2			~2.2	to	~2.7)						
à	favored	states	(j,	j+2,	j+2,	…)	spacings	similar	to	gsb	of	the	core;	
					unfavored	states	(j+1,	j+2,	…)	lie	at	higher	energies.	

																														ParCcle-plus-Rotor	Model	
H	≈	s.p.	(intrinsic)	+	rota/on	of	inert	core	+	Coriolis	interac/on		

Limit	coupling	schemes	within	the	PRM	(axially	symm.	rotor)			
(Ring&Schuck,	ch.3;	Casten,	chs.	8,9)	

<	|Cor|	>	~	[I(I+1)-K2)(j(j+1)-Ω2)]1/2	 5	
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A	first	look	at	evolu/on	of	UPO	structures			

1 1.5 2 2.5 3 3.5
R4/2  (even-even core)

1

1.5

2

2.5

3

3.5

R j+
4/

j+
2

Orbitals:
g9/2, h11/2, i13/2

		Strong	



1 1.2 1.4 1.6 1.8 2 2.2 2.4 2.6 2.8 3 3.2 3.4
R4/2

1

1.2

1.4

1.6

1.8

2

2.2

2.4

2.6

2.8

3

3.2

3.4

R
j+

4/
j+

2

red : p-type
blue: h-type

g9/2 : circle( ), triangle up( )
h11/2 : square( ), triangle down( )
i13/2 : star( ), diamond( )

82
50
28 50

82
126 i13/2

h11/2
g9/2

104
66
39

1	 3	

2	

p	 h	

7	



2 2.2 2.4 2.6 2.8 3 3.2
R4/2

2.2

2.4

2.6

2.8

3

R j+
4/

j+
2

79Au h11/2 hole

80Hg i13/2 hole

62Sm h11/2  hole

64Gd h11/2 hole

66Dy h11/2 hole

195Au 199Hg

185Hg

185Au

141Sm
143Gd
145Dy

133Sm

139Gd

143Dy

11/2-	 13/2+	

11/2-	

Oblate	shapes	
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nuclear	electric	quadrupole	moments,	
IAEA,	INDC-0650,	2013)	

	
Hole	states:	
odd	par0cle	in	low-Ω	orbits:	
decoupling	.	
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Casten,	Zamfir,	Brenner,	PRL	71(1993)227	
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E(J)=nE(2~')+ «,2
(4)

where n =J/2 is the phonon number. This result is even
more general than the specific form of Eq. (4) indicates:
Equation (4) gives the energy of the aligned coupling of
any n ph-onon state E(n), if E(2~+) is replaced by the
one-phonon energy and « is the anharmonicity of the
two-phonon level. Equation (4) holds independent of the
internal structure of the phonon. Thus, Eq. (4) describes,
for example, the yrast energies of y-soft nuclei [Wilets-
Jean or O(6) model] (R4/z=2. 50) or even of a sym-
metric rotor (R4/z=3. 33), and it can be written in the
form [3] E(J)=aJ+bJ(J —2) or that of the Ejiri rela-
tion [4l E(J)=aJ+bJ(J+1). The remarkable aspect of
Eq. (4) is therefore not at all its success in individual
nuclei —it describes a variety of structures —but rather
the completely unexpected constancy of «over such a
vast span of nuclei comprising a wide variety of mean
field structures. This constancy implies that while the
internal quadrupole phonon structure (the 21+ state) may
be that appropriate to a spherical vibrator or a y-soft nu-
cleus, or to some transitional type or even a near rotor,
nevertheless, independent of this phonon structure, the
an harmonicity —that is, the two-body phonon-phonon
interaction —somehow remains constant. In the comple-
mentary Ejiri formulation, the constancy of s4 corre-
sponds to a (also heretofore unrecognized) constancy of
the coefficient b and hence to a constancy of the rotation-
al perturbation to the changing vibrational energy.
A final point is that these results imply much more

than the linearity of the ratio RJg2 with R4y2 observed in
Mallmann plots [5]. A simple manipulation of Eq. (4)
shows the ratio plot effectively eliminates «and, there-
fore, a linear Mallmann plot automatically results from
any two-parameter energy-angular momentum relation.
Moreover, even the specific linear trend seen in the
empirical Mallmann plot of R6/2, namely R6/2-3R4g2—3, only implies that E(J) is proportional to J and/orJ: It says nothing further, nor does it imply a constancy
of «(or of b in the Ejiri relation).
We now proceed further by considering the extension

of the phenomenology of Figs. 1 and 2 into the rotational
region (R4/2& 3.15) which will lead to additional unex-
pected and-remarkable results. Clearly, Eq. (2) cannot
continue to apply for rotational nuclei since, as E(2~+)
drops, at some point E(2~+) becomes less than e4/1. 33
and then Eq. (2) give E(4~+) & 3.33E(2~+) which would
cross the rotor limit. This is illustrated in the inset to
Fig. 4, which focuses on the Z=50-82, N=82-126 re-
gion (other regions behave similarly). As the data ap-
proach the rotor limit, within a very narrow range of
E(2~+) values the trend curves downward away from the
extension of Eq. (2), asymptotically merging into the ro-
tor line labeled 3.33. Equation (2), however, can still de-
scribe the data provided it is modified to include an addi-
tive term which is a function of E(2~+). We thus rewrite
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FIG. 4. Inset: data for nuclei with E(2~+) & 330 keV isolat-
ing the behavior of near-rotational nuclei. The curve is a least-
squares fit. Main plot: the derivative dE(4~+)//dE(2~+) against
E(2~+) obtained from the fits in Figs. 2 and 4 (inset) with Eqs.
(2) and (6). Note that other functional forms for the last term
in Eq. (5) also give very sharp increases in the region
E(2)+)-e4.

Eq. (2) as
E(4)+) =2.0E(2)+ )+«/1 —a [E,(2)+)—E(2)+)] +'}

[E(2;)& E,(2,+)l, (5)
where E,(2~+) marks the start of the transition region.
The last term introduces an E(2~+) dependence to the
anharmonicity «. Taking «=148 keV (for this mass re-
gion), a least-squares fit gives a =0.0007 keV
X, =0.49, and E,(2~+) =145 keV.
Since Fig. 4 (inset)—and Eq. (5)—exhibit a changing

slope of E(4~+) against E(2~+), it is interesting to explic-
itly consider the derivative dE(4~+)/dE(2~+) which has
limiting values of 2.0 for the vibrator and 3.33 for the ro-
tor. Note that these derivatives are not the same as R4/z.
Decades of experience with nuclear structure would sug-
gest that dE(4~+)/dE(2~+) exhibits a curved and gradual
trajectory against E (2&+ ) between the vibrator and rotor
fixed points. In contrast, the actual result, from Eq. (5),
is

dE(4)+)/dE(2)+) =2+C[E,(2(+)—E(2)+)], (6)
where C=«a(A, + I ) =0.15 keV for E(2~+) &E,(2~+)
(and 0 otherwise), which reveals the totally different be-
havior shown in the figure. Of course, the fit to the data
perforce reflects only the average behavior: Strings of
particular nuclides (e.g., isotopes and isotones) may well
have somewhat diverse, fluctuating, irregular behavior.
Nevertheless, the curve shows that, on average, the
empirical derivative dE(4~+)/dE(2~+) cuts horizontally
across the plot for nearly all 2~+ energies, and then sud-
denly turns nearly vertically upward towards 3.33 in a
very narrow range of E(2~+) energies (—130-145 keV).

229

Ec(2+)	≈	145	keV	
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Cri/cal	PST	in	even	–even	nuclei		(the	X(5)	cri/cal	point)	
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	 							Core							X(5)								Rsj≈0 	 		N	
	
	

153Sm62									152Sm 	✓												x 	 	90	
155Gd64										154Gd						(✓) 								~ 	 	90	
157Dy66										156Dy	 	✓       ~ 90	
161Er68											160Er 							(✓) 	 	 	 	92	
163Yb70										162Yb	 	✓ 92	
165Yb70										164Yb																								x 	 	94	
167Hf72											166Hf	 	✓ 94	
171W74											170W	 	✓          x 	 	96  	

νi13/2	structures:						candidate	nuclei	for	the	cri/cal	point	
			of	the	phase	transi/on	decoupling	à	strong	coupling	
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Possible	cri/cal	SPT	at	A~130:	
	

	 	 			Core 	N	
125La57								 	124Ba 	68	
127,129Pr59	 	126,128Ce 	68,70	
133Pm61 	 	132Nd 	72	
135Eu63 	 	134Sm 	72	
	

Z	:			55(Cs)	…	75(Tb)	
N	:			62	…	82	
(contours	#	1,3)	
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Values	from	Mass	Tables	–	2012	
	
dS2n(Z,N)=[S2n(Z,N+2)-S2n(Z,N)]/2	
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	 	 	 	 	 	 	 	Theore/cal	
	
						Cri/cal	point	symmetry	models	for	odd-A	nuclei:	
	
-  E(5/4):	Bose-Fermi	symmetry	for	j=3/2	par/cle	coupled	to	E(5)	core	(Iachello	PRL95(2005)052503)	
										some	E(5/4)	features	in	135Ba		(Fetea	et	al,	PRC73(2006)051301(R))	
-  E(5/12):	mul/-orbit:	j=1/2,3/2,5/2		(Alonso,	Arias,	Vi}uri,	PRC75(2007)064316)	
	
-  X(5/(2j+1))	j-par0cle	coupled	to	X(5)	core	(Zhang,	Pan,	Liu,	Hou,	Draayer		PRC82(2010)034327)	
								limited	agreement	for	189Au	(j=1/2),	155Tb	(j=5/2);	mul/-orbit	approach	needed.	
	
	
-  Recent	approach	to	shape	phase	transi/ons	in	odd-A:	
						energy	density	func/onal	theory	+	par/cle-plus-boson	core	coupling:	define	possible	
											signatures	related	to	deforma/ons,	exc.	energies,	E2-trans.	rates,	separa/on	energies	
											(as	quantum	order	parameters).	
												Nomura,	Ničsić,	Vretenar	PRC94(2016)064310:	Eu,	Sm	with	N~90		
												Nomura,	Ničsić,	Vretenar	PRC96(2017)014304:	Ba,	Xe,	La,	Cs	with	A~130,	γ-so�		
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SUMMARY	

																		Correla/ons	between	UPO	structure	observables	(energies,	energy	ra/os):	
	
Ø  	Interes/ng	structure	evolu/on	along	the	three	limit	coupling	schemes	of	the	PRM		
										(weak	coupling,	decoupling,	strong	coupling)	
	
Ø  	Evidence	for	cri/cal	PT	(fast	transi0on	from	decoupling	to	strong	coupling)	
						for	νi13/2	structures	at	N=90-92,	and	πh11/2	structures	at	N=70-72,	correlated	with						
						the	cri/cal	SPT	in	the	even-even	core	nuclei	(X(5)	cri/cal	point).	
	
													Features	of	this	transi/on:	

							-			fast	change	in	the	pa}ern	of		E(j+4)	versus	E(j+2)	at	some	cri/cal	value	Ec(j+2)	
															-			discon/nuous	change	in	dE(j+4)/d(Ej+2)	at	Ec(j+2)	

							-			~	degeneracy	of	the	energies	of	favored	and	unfavored	sequences	at	Ec(j+2)	
	
Ø  	Shape	phase	transi/on	corroborated	by	systema/cs	of	mass-related	quan//es:	dS2n	
	
Ø  	Cri/cal	point	symmetry	model	descrip/on	of	these	observa/ons,	as	well	as	of	other		
							low-excita/on	structure	features	are	welcome.	
	
	

	 	 	 	 	 	 	D.	Bucurescu,	N.V.	Zamfir,	PRC95(2017)014329	
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