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FIG. 1. (Color online) The 0◦, 42Ca( 3He ,t) 42Sc spectrum on two scales. The events within the range of scattering angles ! ! 0.5◦ are
included. (a) The full count range spectrum. Two prominent peaks are observed in the low-energy region and less prominent ones up to 4 MeV.
(b) The vertical scale is magnified by a factor of 24. A fine structure of many states is observed up to Ex = 12.7 MeV. Major states populated
in "L = 0 transitions ("L = 0 states) below 7 MeV are indicated by their excitation energies in MeV. The "L = 0 states in the region above
7 MeV are indicated in Fig. 5(a) in Sec. IV.

directions [29]. Close to 0◦, the scattering angle ! can be
expressed by

√
θ2 + φ2, where θ and φ are the scattering

angles in the horizontal and vertical directions, respectively.
An angular resolution "! ! 5 mrad [full width at half
maximum (FWHM)] was achieved by applying the angular
dispersion matching technique [30] and the overfocus mode
of the spectrometer [31]. In the analysis, the acceptance
of the spectrometer, covering θ of ±1◦ and φ of ±2.5◦

was subdivided into five angular ranges (cuts) using the
tracking information. Further experimental details are found
in Refs. [20,21,32]. An energy resolution "E of 29 keV
(FWHM), which is much better than the energy spread of
≈140 keV of the beam, was realized by applying the lateral
dispersion matching and focus matching techniques [30,33].

The “0◦ spectrum” obtained for the events within the
scattering angles ! ! 0.5◦ is shown in Fig. 1 up to Ex = 13
MeV. We measured the spectrum up to Ex = 25 MeV, but
the spectrum was continuous and flat; no discrete peak was
observed above 13 MeV. As we see from Fig. 1(a), there are
only two strongly excited states. Referring to the evaluation
given in Ref. [34], we could easily identify that they are the
T = 1, J π = 0+ g.s. (i.e., the IAS) and the T = 0, J π = 1+,
0.611-MeV state. Most other states are weakly excited. In
particular, states populated in transitions with "L " 1, except
the J π = 3+ state at 1.490 MeV, were weakly excited at 0◦.
We see that the ( 3He ,t) reaction at forward angles including
0◦ and at the incoming energy of 140 MeV/nucleon is well
suited for the study of states populated in "L = 0 transitions.

The gross feature of the 0◦ spectrum is in good agreement
with that obtained in the 42Ca(p,n) 42Sc reaction at Ep =
160 MeV and 0◦ shown in Ref. [25]. As mentioned, they could
not separate the g.s. and the first excited state at 0.61 MeV.
With our ≈30 times better resolution, we see the fine structure
of highly fragmented states. In a later (p,n) work [35], the g.s.,
i.e., the IAS, and the 0.61-MeV GT state were separated with
a better resolution of "E ≈ 300 keV. However, they were
interested in the study of the IAS and not in the GT excitations.

III. DATA ANALYSIS

The acceptance of the 0◦ setting of the spectrometer was
subdivided into five angle cuts of ! ! 0.5◦, 0.5◦–0.8◦, 0.8◦–
1.2◦, 1.2◦–1.6◦, and 1.6◦–2.0◦. The positions and intensities of
peaks were obtained up to Ex = 13 MeV by applying a peak-
decomposition program using the shape of the well-separated
peak at 0.611 MeV as a reference.

Above the proton separation energy Sp of 4.27 MeV, a
continuum caused by quasifree scattering (QFS) appears [36].
Accordingly, above Ex ≈ 5.5 MeV, the continuous counts
gradually increase with Ex [see Fig. 1(b) and also Fig. 5(a)
in Sec. IV]. Therefore, a smooth empirical background
connecting the deepest valleys between peaks was subtracted
in the peak-decomposition analysis.

A. Excitation energy

As shown in Table I, only a few J π = 1+ states are known
in 42Sc [34]. Therefore, the Ex values of higher excited states
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two. In 42Sc, most of the GT strength, in agreement with
[20], is concentrated in the excitation of the lowest GT state
at 0.611 MeV. In 46V and 50Mn, however, the low-energy
strength becomes fragmented and at the same time the
bumplike structure of the GTR in the 6–11 MeV region
begins to develop [Figs. 1(b) and 1(c)]. A fragmentation of
GT strength was also observed in the 44Ca → 44Sc reaction
[27], suggesting that the concentration of the strength is
also hampered by a larger neutron excess of four in 44Ca.
Finally in 54Co [Fig. 1(d)], the GT strength is mainly in
the GTR.
The cumulative sum of the experimental BðGTÞ values

is shown in Fig. 2(a) up to Ex ¼ 12 MeV. A shift in the
strength to higher energy with increasing A is again clearly
seen. The total sum in 42Sc is 2.7(4), with 80% of the GT
strength carried by the lowest GT state. The observed sum
gradually increases with A and it is 3.9(6) in 54Co [23],
where ≈75% of the GT strength is found in the high-energy
GTR structure.
In a SM picture, the j> valence orbits, πf7=2 and νf7=2,

outside the inert 40Ca core (Z ¼ N ¼ 20) will be gradually
filled in the Tz ¼ þ1, A ¼ 42–54 nuclei as A increases (see
Fig. 3). On the other hand, the j<, πf5=2 and νf5=2 orbits

remain unpopulated. In this picture, without ERIs, we
expect a low-energy GT excitation originating from the
νf7=2 → πf7=2 transition and a high-energy one from the
νf7=2 → πf5=2, where the latter is expected≈6 MeV higher
than the former due to the strong L · S force [1]. The single
particle strengths of these GT excitations are similar,
namely BðGTÞ ¼ 9=7 and 12=7, respectively [9]. Taking
into account the occupation and vacancy factors of the f7=2
and f5=2 shells, the relative strengths between the νf7=2 →
πf7=2 and νf7=2 → πf5=2 transitions are 9∶12 and 9∶48 in
the 42Ca → 42Sc and 54Fe → 54Co reactions, respectively.
Therefore, we can, to some extent, understand the larger
high-energy strength in the A ¼ 54 system. However, from
this simple picture, we cannot understand the concentration
of GT strength to the low-energy 0.611 MeV state in the
42Ca → 42Sc reaction.
Figure 2(b) shows the cumulative sum of the GT

strengths from SM calculations. The modern GXPF1J
interaction used in the calculation was derived to reproduce
various experimental data [28]. We see that the A dep-
endence of the GT strength distribution, including the
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FIG. 1 (color online). High energy-resolution spectra of (3He, t)
reaction on A ¼ 42–54, Tz ¼ þ1 target nuclei. The vertical
scales are normalized so that the heights of all GT peaks are
approximately proportional to the BðGTÞ values. The GT strength
is concentrated in one low-energy state in 42Sc [panel (a)]. The
fine structures of GTRs in the 6–11 MeV region are observed in
panels (c) and (d).
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FIG. 2 (color online). (a) Cumulative-sum strengths of the
experimental BðGTÞ values in the final nuclei 42Sc, 46V, 50Mn,
and 54Co. They are shown by dotted-dashed, dashed, dotted,
and solid lines, respectively. (b) Cumulative sums from SM
calculations [28] including the quenching factor of ð0.74Þ2.
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FIG. 3. The SM configurations before and after the β−-type GT
transitions in A ¼ 42–54, f-shell nuclei. Positions occupied by
protons (π) and neutrons (ν) are shown by open crosses. Positions
that are newly occupied by protons and unoccupied by neutrons
after making GT transitions (shown by the arrows) are indicated
by filled crosses and open circles, respectively. The shell closures
at Z ¼ N ¼ 20 and 28 are indicated by thick solid lines.
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A two-shell model


Consider two j shells with j=l±½.


In LS coupling two-nucleon states |l2LSJT> have   
L+S+T = odd.


The initial and final states in 42Ca and 42Sc are 
admixtures:
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A two-shell model


The spin-orbit interaction mixes favoured and 

unfavoured |l2LSJT> states:





Energy matrices:
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A two-shell model


A schematic SM hamiltonian with a spin-orbit 

splitting, isoscalar and isovector pairing terms:





Can we describe observed energies, M1 transitions, 

GT strength and transfer cross sections in a 
consistent fashion?



Ĥ = Ĥso + g0PT=0
+ PT=0 + g1PT=1

+ PT=1 +!

Δ 3( ) =
1
2
BE 42Ca( )+BE 40Ca( )− 2BE 41Sc( )#
$

%
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Energies



P. Van Isacker & A.O. Macchiavelli, to be published



�� ( �+ )

�� ( ��+ )

�� ( ��+ )

�� ( ��+ )����
-�� -��

�

�

��

������� �������� �� = � �� (���)

��
��
��

(�
��

)



Energies



P. Van Isacker & A.O. Macchiavelli, to be published



�� ( �+ )

�� ( ��+ )

�� ( ��+ )

�� ( ��+ )����

Δ����(�)
Δ(�)

-�� -��
�

�

��

������� �������� �� = � �� (���)

��
��
��

(�
��

)



M1 transitions
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GT strength
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Transfer cross sections
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Transfer cross sections
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Transfer cross sections
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A two-shell model


Consider two j shells with j=l±½.


In LS coupling two-nucleon states |l2LSJT> have   
L+S+T = odd.


The initial and final states in 42Ca and 42Sc are 
admixtures:
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Boson mapping


Associate pairs of fermions with bosons:








Remember: L+S+T must be odd!


In Elliott’s IBM-4: only spatially favoured bosons 

with L=0,2.
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Favoured-boson SU(4) algebra


L is even è (S,T) = (0,1) and (1,0).


SU(4) algebra is generated by

















This algebra is at the basis of Elliott’s IBM-4.



Ŝµ
e = 2 2ℓ+1( ) bℓ10+ × "bℓ10( )0µ0

010( )

T̂ν
e = 2 2ℓ+1( ) bℓ01+ × "bℓ01( )00ν

001( )

Ŷµν
e = 2ℓ+1 bℓ10

+ × "bℓ01( )0µν
011( )

± bℓ01
+ × "bℓ10( )0µν

011( )( )



Favoured-boson classification


Many-boson states are classified by


U 6 2ℓ+1( )!" #$⊃ SUST 6( )⊃ SUST 4( )⊃ SUS 2( )⊗SUT 2( )( )

⊗ UL 2ℓ+1( )⊃!⊃ SOL 3( )( )



Unfavoured-boson SU(4) algebra


L is odd è (S,T) = (0,0) and (1,1).


SU(4) algebra is generated by


Ŝµ
o = 6 2ℓ+1( ) bℓ11+ × "bℓ11( )0µ0

010( )

T̂ν
o = 6 2ℓ+1( ) bℓ11+ × "bℓ11( )00ν

001( )

Ŷµν
o = 2ℓ+1 bℓ00

+ × "bℓ11( )0µν
011( )

+ bℓ11
+ × "bℓ00( )0µν

011( )
± 2 bℓ11

+ × "bℓ11( )0µν
011( )( )



Unfavoured-boson classification


Many-boson states are classified by


U 10 2ℓ+1( )!" #$⊃ SUST 10( )⊃ SUST 4( )⊃ SUS 2( )⊗SUT 2( )( )

⊗ UL 2ℓ+1( )⊃!⊃ SOL 3( )( )



Many-boson states are classified by














Bosons needed for states involved in the charge-

exchange reaction:


L=0,2 and L=1 èΛe=1+5=6 and Λo=3 è U(66).



U 6Λe +10Λo( )⊃ U 6Λe( )⊗U 10Λo( )⊃

⊃ SUST
e 6( )⊗SUST

o 10( )⊃ SUST 4( )( )
⊗ UL Λe( )⊗UL Λo( )⊃!⊃ SOL 3( )( )

Get your kicks with U(66)





Mapping


Consider the schematic hamiltonian





For the 0+ and 1+ two-nucleon states this 

hamiltonian can be mapped exactly onto s, p 
and d bosons.



We obtain an exact boson representation of the 
A=42 charge-exchange properties. 



Ĥ = Ĥso + g0PT=0
+ PT=0 + g1PT=1

+ PT=1 +!



To do


Map realistic shell-model hamiltonian (KB3G or 

GXPF1J).


Use mapped hamiltonian to calculate charge-

exchange strength for A=46, 50 and 54.


Study the relative importance of the different 

pairs.





Conclusions


The spin-orbit interaction mixes spatially favoured 

and unfavoured pairs.


Up to now only spatially favoured pairs have been 

mapped onto bosons (IBM-4).


A general formulation of the IBM, which includes 

unfavoured bosons, is possible.




