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Abstract.

The concept of relativistic scaling is applied to describe the most recent data
from inclusive electron-deuteron scattering at large momentum transfer. We
calculate the asymptotic scaling functionf(y) of the deuteron using its re-
lationship with the nucleon momentum distribution. The latter is obtained
in the framework of the relativistic light-front dynamics (LFD) method, in
which the deuteron is described by six invariant functionsfi (i=1,...,6) in-
stead of two (S andD waves) in the nonrelativistic case. Comparison of
the LFD asymptotic scaling function with other calculations usingS andD
waves corresponding to various nucleon-nucleon potentials, as well as with
the Bethe-Salpeter result is made. It is shown that for|y| > 400 MeV/c
the differences between the LFD and the nonrelativistic scaling functions
become larger.

1 Introduction

High-energy electron scattering from nuclei can provide important information
on the wave function of nucleons in the nucleus. In particular, using simple as-
sumptions about the reaction mechanism, scaling functions can be deduced that,
if shown to scale (i.e., if they are independent of the momentum transfer), can
provide information about the momentum and energy distribution of the nucle-
ons. Several theoretical studies [1–5] have indicated that such measurements
may provide direct access to studies of short-range nucleon-nucleon (NN) cor-
relation effects.

Since West’s pioneer work [6], there has been a growth of interest iny-scaling
analysis, both in its experimental and theoretical aspects. This is motivated by the
importance of extracting nucleon momentum distributions from the experimental
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data. West showed that in the impulse approximation, if quasielastic scattering
from a nucleon in the nucleus is a dominant reaction mechanism, a scaling func-
tion F (y) could be extracted from the measured cross section which is related to
the momentum distribution of the nucleons. In the simplest approximation the
corresponding scaling variabley is the minimum momentum of the struck nu-
cleon along the direction of the virtual photon. In principle, the scaling function
F (y,Q2) depends on bothy and momentum transferQ2 (-Q2 is the square of
the four-momentum transfer), but at sufficiently highQ2 values the dependence
on Q2 should vanish yielding scaling. However, any attempt to extract the mo-
mentum distribution from they-scaling in electron-nucleus scattering faces the
problem of estimating both effects from the final-state interactions (FSI) of the
struck nucleon with the rest of the nucleus and from the nucleon binding. Previ-
ous calculations [7–9] suggest that the contribution from the final-state interac-
tions should vanish at sufficiently highQ2. The FSI lead to sizable scaling viola-
tion effects only at low values of the three-momentum transfer|q| =

√
Q2 + ν2

(ν is the energy loss) [9,10]. The most important dynamical effects, such as bind-
ing corrections, which represent the fact that for complex nuclei the final spec-
tatorA− 1 system can be left in all possible excited states including the contin-
uum, have been treated in [2] in terms of spectral functions. This problem has
been solved in [11,12] by introducing a new scaling variable which gives direct,
global and independent ofA link between the experimental data and the longitu-
dinal momentum components.

Recently inclusive electron scattering has been studied at the Thomas Jef-
ferson National Accelerator Facility (TJNAF) with 4.045 GeV incident beam
energy from C, Fe and Au targets [13] toQ2 ≈ 7 (GeV/c)2. Data were also
taken using liquid targets of hydrogen and deuterium [14]. The data presented
in [13,14] represent a significant increase of theQ2 range compared to previous
SLAC measurement [15], in which an approach to the scaling limit for heavy nu-
clei is suggested but for low values of|y| < 0.3 GeV at momentum transfers up
to 3 (GeV/c)2, and, moreover, a scaling behaviour is observed for the first time
at very large negativey (y= -0.5 GeV/c). From theoretical point of view the ex-
tended region ofy measured at TJNAF is of significant importance since this is
a regime where the nucleon momentum distribution is expected to be dominated
by short-range NN correlations. On the other hand, it is interesting to note that
contributions from short-range FSI may also result in a scaling-like behavior due
to the smallQ2 dependence of these effects, and that these contributions are also
dominated by short-range correlations. Obviously, a complete understanding of
this electron-nucleus scattering requires a relativistic approach to the quantities
related to they-scaling analysis for a detailed comparison with the experimental
data.

A relativisticy-scaling has been considered in [16] by generalizing the non-
relativistic scaling function to the relativistic case. Realistic solutions of the
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spinor-spinor Bethe-Salpeter (BS) equation for the deuteron with realistic inter-
action kernel were used for systematic investigation of the relativistic effects in
inclusive quasielastic electron-deuteron scattering. The approach ofy-scaling
presented in [16] is fully covariant, with the deuteron being described by eight
components, namely the3S++

1 , 3D++
1 , 3S−−1 , 3D−−

1 , 1P+−
1 , 1P−+

1 , 3P+−
1 , and

3P−+
1 waves. The first two waves directly correspond to theS andD waves in

the deuteron, with the waves with negative energy vanishing in the nonrelativistic
limit. It has been demonstrated in [16] that, if the effects from the negative en-
ergyP -states are disregarded, the concept of covariant momentum distribution
can be introduced.

Recently a successful relativistic description of the nucleon momentum dis-
tribution in deuteron has been done [17] within the light-front dynamics method
[18,19]. The most important result from the calculations in [17] is the possibility
of the LFD method to describe simultaneously both deuteron charge form fac-
tors (that has been shown in [20]) and the momentum distribution. It is shown in
[19,21] that after the projection of the Bethe-Salpeter amplitude on the light front,
the six components of the LFD deuteron wave function are expressed through in-
tegrals over the eight components of the deuteron Bethe-Salpeter amplitude. Pro-
vided the nucleon-nucleon interaction is the same, these approaches incorporate
by different methods the same relativistic dynamics. The wave functions in LFD
are the direct relativistic generalization of the nonrelativistic ones in the sense
that they are still the probability amplitudes. Therefore they can be used in the
relativistic nuclear physics (e.g. [18]).

The aim of our work is using the nucleon momentum distributionn(k) ob-
tained with the LFD method to calculate the deuteron scaling function. The result
for the asymptotic function is compared with the recent TJNAF data measured
at six values ofQ2. In particular, the scaling behavior observed for very large
negativey providing momenta higher than those corresponding to existing ex-
perimental data forn(k) may allow to distinguish the properties of the covariant
LFD method from the potential approaches. The comparison with the BS result
for the scaling function serves as a test for the consistency of both covariant ap-
proaches treating the deuteron relativistically in the case ofy-scaling.

The paper is organized as follows. In Section 2 the definition and the physical
meaning of the scaling variable and the scaling function are briefly reviewed to-
gether with some basic relations between the nucleon spectral function, the scal-
ing function and the momentum distribution. The results for the nucleon mo-
mentum distribution in deuteron obtained within the LFD method are given in
Section 3. The calculated LFD asymptotic scaling function of the deuteron is
presented in Section 4, where a comparison with the Bethe-Salpeter result and
with some nonrelativistic calculations is also done. The summary of the present
work is given in Section 5.
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2 Basic Relations in the y-Scaling Method

The scaling function is defined as the ratio of the measured cross section to the
off-shell electron-nucleon cross section multiplied by a kinematic factor:

F (q, y) =
d2σ

dΩdν
(Zσp + Nσn)−1 q

[M2 + (y + q)2]1/2
,

whereZ andN are the number of protons and neutrons in the target nucleus,
respectively,σp andσn are the off-shell cross sections, andM is the mass of
the proton. In analysing quasielastic scattering in terms of they-scaling a new
variabley = y(q, ν) is introduced. Then the nuclear structure function which is
determined using the spectral functionP (k, E) as

F (q, ν) = 2π

∫ Emax(q,ν)

Emin

dE

∫ kmax(q,ν,E)

kmin(q,ν,E)

kdkP (k, E), (1)

can be expressed in terms ofq andy rather thanq andν (see Eq. (1)). In Eq.
(1) E = Emin + E∗

A−1 is the nucleon removal energy withE∗
A−1 being the

excitation energy of the finalA− 1 nucleon system.
The most commonly used scaling variabley is obtained [22] starting from

relativistic energy conservation, settingk = y, kq
kq = 1 and the excitation energy

E∗
A−1=0, and is defined through the equation

ν + MA = (M2 + q2 + y2 + 2yq)1/2 + (M2
A−1 + y2)1/2, (2)

whereMA is the mass of the target nucleus andMA−1 is the mass of theA− 1
nucleus. Therefore,y represents the longitudinal momentum of a nucleon having
the minimum removal energy (E = Emin, i.e. E∗

A−1=0).
At high values ofq a pure scaling regime is achieved, wherekmin ≈ |y −

(E − Emin)| and Eq. (1) becomes

F (q, y) → f(y) = 2π

∫ ∞

Emin

dE

∫ ∞

|y−(E−Emin)|
kdkP (k, E). (3)

In Eq. (3) the particular behavior ofP (k, E) at largek andE is used in order to
extend the upper limits of integration to infinity [2].

In the deuteron one always hasE∗
A−1=0, so that the spectral function is en-

tirely determined by the nucleon momentum distributionn(k), i.e. P (k,E) =
n(k)δ(E−Emin), and, consequently,kmin = |y| for any value ofq. The scaling
function (3) reduces to the longitudinal momentum distribution

f(y) = 2π

∫ ∞

|y|
k dk n(k). (4)



M.K. Gaidarov, M.V. Ivanov, and A.N. Antonov 197

3 Nucleon Momentum Distribution in the Light-Front Dynamics
Method

The relativistic deuteron wave function (WF) on the light-frontΨ(~k, ~n) depends
on two vector variables: i) the relative momentum~k and ii) the unit vector~n
along~ω which determines the position of the light-front surface. Due to this, the
WF is determined by six invariant functionsfi (i=1,...,6) instead of two (S- and
D-waves) in the nonrelativistic case. Each one of these functions depends on

two scalar variablesk andz = cos(~̂k, ~n). In LFD these six functions are cal-
culated within the relativistic one-boson-exchange model. As shown in [18], in
the nonrelativistic limit the functionsf3−6 become negligible,f1,2 do not depend
on z and turn intoS- andD-waves (f1≈uS , f2≈ − uD) and the wave function
Ψ(~k, ~n) becomes the usual nonrelativistic wave function. One of the most impor-
tant properties of the functionsf1−6 found in [18] is that fork ≥ 2÷2.5 fm−1 the
componentf5 (being related mainly toπ-exchange) exceeds sufficiently theS-
andD-waves. This fact is very important in the calculations ofn(k) in deuteron
as it will be shown below.

The LFD calculations have shown (for more details, see Ref. [17]) that, as
expected, the most important contributions to the totaln(k) give terms related to
thef1, f2 andf5 functions

n(k)'n1(k) + n2(k) + n5(k). (5)

The contributions ofn1, n2, n12 = n1 + n2 andn5 are compared in Figure 1.
It can be seen that, while the functionsf1 andf2 give a good description of the

Figure 1. The nucleon momentum distribution in deuteron. The contributions ofn1, n2,
n12 = n1 +n2 andn5 are presented. They-scaling data are from [2]. The normalization
is:
R

n(k)d3~k = 1.
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y-scaling data ofn(k) for k < 2 fm−1 (like theS- andD-wave functions in the
nonrelativistic case), it is impossible to explain the high-momentum components
of n(k) atk > 2 fm−1 without the contribution of the functionf5. We note that
the deviation of the totaln(k) from the sumn12 = n1 +n2 starts atk around 1.8
fm−1. All this shows the important role of NN interactions which incorporate
exchange of relativistic mesons in the case of the deuteron.

The nucleon momentum distribution in the deuteron usingS- andD-wave
functionsΨS(k) andΨD(k) corresponding to various NN potentials, such as the
charge-dependent Bonn potential [23], the Argonne v18 [24], the Nijmegen - I ,-
II and - Reid 93 [25] and Paris 1980 [26] is also computed in [17] by the expres-
sion:

n(k) =
1
4π

[Ψ2
S(k) + Ψ2

D(k)] ≡ nS(k) + nD(k) (6)

with
∫

n(k)d3~k = 1 . (7)

In Figure 2 the result forn(k) using the charge-dependent Bonn potential [23]
is given and compared with they-scaling data. As can be seen, theD-component
of n(k) is important but even its inclusion does not give a very good agreement
with the data fork ≥ 2 fm−1. In the next Figure 3 we present the LFD re-
sult for n(k) compared with the calculations using the WF’s corresponding to
Nijmegen-I,-II, -Reid 93, Argonne v18 and Paris 1980 NN potentials and with
they-scaling data. We would like to note that: i) the results of the calculations

Figure 2. The nucleon momentum distribution in deuteron (solid line) calculated using
Eqs. (6) and (7) withS- andD-wave functions corresponding to the charge-dependent
Bonn potential [23].S- andD-contributions are given by dashed and dotted line, respec-
tively. They-scaling data are from [2].
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Figure 3. The nucleon momentum distribution in deuteron calculated with the LFD
(solid line) in comparison with the results presented by numerated arrows, as follows: 1-
Argonne v18, 2-Nijmegen Reid 93, 3-Nijmegen I, 4-Nijmegen II, 5-Paris 1980 NN poten-
tials and with they-scaling data [2].

using the NN potentials, such as Nijmegen-II, -Reid 93, Argonne v18 and Paris
1980 (shown in Figure 3) are in better agreement with they-scaling data than
those using the charge-dependent Bonn potential (Figure 2). This might be re-
lated to the fact that these potentials describe NN phase shifts up to larger energies
(e.g. the Nijmegen-II potential gives reasonablepp phase shifts up to 1.2 GeV,
while the charge-dependent one-boson exchange Bonn potential fits the phase-
shift data below 350 MeV); ii) It can be seen from Figure 3 that there are small
differences between the curves corresponding to different NN potentials fork ≤
3 fm−1 (which give a good description of they-scaling data and almost coincide
with the LFD result) and larger ones fork > 3 fm−1. Large differences take
place, however, between all of them and the LFD result fork > 3 fm−1.

4 Results for the Asymptotic Scaling Function of Deuteron

In this Section we present the results for the asymptotic scaling function of
deuteron which is calculated by using of the LFD nucleon momentum distribu-
tion given in Section 3.

The scaling function for deuteron calculated within the LFD method is shown
in Figure 4. It is compared with the TJNAF experimental data [14] for all mea-
sured angles. TheQ2 values are given for Bjorkenx = Q2/2Mν = 1 and cor-
respond to elastic scattering from a free nucleon. It is seen from Figure 4 that the
relativistic LFD scaling function is in good agreement with the data in the whole
region of negativey available. As known, the scaling breaks down for values of
y > 0 due to the dominance of other inelastic processes beyond the quasielastic
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Figure 4. The scaling function of deuteron. The experimental data for differentQ2 values
are from [14]. The solid and dashed curves represent the LFD calculations of this work
and BS result of Ref. [16].

scattering. Our LFD deuteron scaling function is also compared in Figure 4 with
the scaling function obtained within the BS formalism [16]. A small difference
between the two results is observed fory < −400 MeV/c but, at the same time,
the theoretical LFD scaling function is closer to the experimental data in the same
region ofy. The fact that both LFD and BS functions reveal similar behavior is
a strong indication in favor of the consistency of the two relativistic covariant
approaches in case of they-scaling.

In Figure 5 the asymptotic relativistic LFD and BS scaling functionsf(y)
are compared with the nonrelativistic ones, calculated with some realistic inter-
actions. We have already shown (see Figures 2 and 3 of the present work) that the
results using these potentials explain very well (with the exception of the charge-
dependent Bonn potential) all the available data forn(k) up tok ' 3 fm−1 ex-
actly like the LFD method. However, it is concluded in [17] that fork > 3 fm−1

the LFD results forn(k) deviate strongly from those of the calculations using
NN potentials. Here we would like to emphasize the existence of the same dis-
crepancies between the scaling functions observed from the comparison in Fig-
ure 5. It is shown that for|y| > 400 MeV/c both LFD and BS curves start to
deviate from the nonrelativistic scaling functions. The result forf(y) calculated
using the Nijmegen-II NN potential is in better agreement with the experimental
data than those using other potentials. It is in accordance with the result forn(k)
shown in Figure 3. For instance, by a thorough comparison between the rela-
tivistic Bethe-Salpeter and the nonrelativistic scaling functions of deuteron it has
been found in [16] that the two functions start to sensibly differ also at|y| > 400
MeV/c. Thus, the necessity to treat realistically the relativistic dynamics inside
the deuteron in a way different from the potential approaches becomes apparent.
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Figure 5. The asymptotic scaling function of deuteron. Line convention refering to cal-
culations using LFD and potential approaches, as well as BS result [16] is given (see also
the text). The experimental data [27] are given by the full circles.

In this sense, the results calculated for both momentum distribution and asymp-
totic scaling function confirm the abilities of the LFD method to describe with a
good accuracy the experimental data measured at high momentum transfers.

5 Conclusions

In the present paper inclusive electron-deuteron scattering data have been ana-
lyzed in terms of they-scaling function within the light-front dynamics method.
For this purpose, the nucleon momentum distribution in deuteron has been used
in order to calculate the asymptotic scaling function. For the trivial case of
deuteron, for which the structure function (Eq. (3)) coincides with the longitu-
dinal momentum distribution (Eq. (4)) we have found a good agreement of the
calculated scaling function with the experimental data. Thus, the concept of rela-
tivistic y-scaling can be introduced in the LFD relativistic description of inclusive
quasielasticeD scattering, in the same way as it is done in the conventional non-
relativistic approach, i.e. by introducing a scaling function (which, in the scaling
regime, is nothing but the nucleon longitudinal momentum distribution), and in
terms of the same variabley. It has been pointed out that for|y| > 400 MeV/c
the differences between the LFD and the nonrelativistic scaling functions are very
large.

Exploring the light-front dynamics, we continue in this paper our analysis
of important deuteron characteristics. The effective inclusion of the relativistic
nucleon dynamics and of short-range NN correlations can be better seen when
analyzing electron scattering at high momentum transfer from complex nuclei,
for which a proper theoreticaly-scaling analysis is still lacking. Although scal-
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ing violation effects due to final-state interactions sharply decrease with increas-
ing momentum transfer, a consistent treatment of both FSI and nucleon binding
must be made in order to perform a precise comparison with the new TJNAF data.
Such an investigation is in progress.
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