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1 Introduction

Interest in symplectic groups is related to applications to nuclear structure [1],
when the number of particles or couplings between the particles change in a pair-
wise fashion from one configuration to the next. In particular,Sp(4),which is iso-
morphic toO(5), has been used to explore pairing correlations in nuclei [2]. The
reduction chains to different realizations of theu(2) subalgebra ofsp(4) yield a
complete classification scheme for the basis states.

Deformed algebras introduce a new degree of freedom, that account for non-
linear effects. Their study can lead to deeper understanding of the physical signif-
icance of the deformation. We introduce aq-deformation of the fermions, spe-
cific for the applications in the nuclear pairing problem. The deformedspq(4)
algebra generated by the bilinear products of the deformed creation and annihi-
lation fermion operators is the enveloping algebra ofsp(4) and is applied to ac-
count for the higher order terms of the pairing interaction. The phenomenolog-
ical Hamiltonian of a model, which is constructed by the algebraic generators,
hasspq(4) as a dynamical symmetry. The latter is applied to describe the ener-
gies of the0+ states in fully isovector-paired (pairs with isospinT = 1) even-
A nuclei, classified in the even representation of the algebra. This application is
particularly important for predicting masses of nuclei in a single or multiple light
j−shells, where pairing correlations play a major role.
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2 Generalized Deformed Fermion Realization of sp(4) Algebra

The deformation of thespq(4) algebra is introduced in terms ofq -deformed cre-
ation and annihilation operatorsα†m,σ andαm,σ, (α†m,σ)∗ = αm,σ, where these
operators create (annihilate) a particle of typeσ in a state of total angular mo-
mentumj = 1

2 , 3
2 , 5

2 , ..., with projectionm along thez axis (−j ≤ m ≤ j ).The

deformed single-particle operatorsα†j,m,σ andαj,m,σ, (α†j,m,σ)∗ = αj,m,σ, are
the building blocks for the natural expansion to multi-shells dimension [3], which
generalizes the fermion realization of thesp(4) algebra to allow the nucleons to
occupy a space of several orbits. For a givenσ, the dimension of the fermion
space is2Ω =

∑
j 2Ωj =

∑
j(2j + 1), where the sum is over the number of

orbitals. α†j,m,σ andαj,m,σ, The deformedspq(4) is realized in terms of theq-

deformed creation and annihilation operatorsα†j,m,σ andαj,m,σ, (α†j,m,σ)∗ =
αj,m,σ, with anticommutation relations defined for everyσ, m andj in the form:

{αj,σ,m, α†j,σ,m′}q±1 = q±
Ñσ
2Ω δm,m′ , {αj,σ,m, α†j′,σ′,m′} = 0, σ 6= σ′, j 6= j′,

{α†j,σ,m, α†j′,σ′,m′} = 0, {αj,σ,m, αj′,σ′,m′} = 0, (1)

By definition theq-anticommutator is given as{A,B}k = AB + qkBA. The
specific for the physical applications property of the introduced deformation (1)
is the dependence of the deformed anticommutation relations on the shell dimen-
sion and the operators that count the number of particles:

Ñ±1 =
∑

j

j∑

m=−j

c†m,±1cm,±1. (2)

in the multi-orbitals. Theq-deformed generators of the generalizedSpq(4) are
related to the corresponding single-level generators, given in terms of the de-
formed operatorsα†m,σ, αm,σ for each fixed value ofj [4]:

Fσ,σ′ =
1√

2Ωj

√
(1 + δσ,σ′)

j∑

m=−j

(−1)j−m
α†m,σα†−m,σ′

Gσ,σ′ =
1√

2Ωj

√
(1 + δσ,σ′)

j∑

m=−j

(−1)j−m
α−m,σαm,σ′

(3)

E±1,∓1 =
1√
2Ωj

j∑

m=−j

α†m,±1α m,∓1, (4)

in the following way:

F̃σ,σ′ =
∑

j

√
Ωj

Ω
Fσ,σ′ , G̃σ,σ′ =

∑

j

√
Ωj

Ω
Gσ,σ′ , Ẽσ,σ′ =

∑

j

√
Ωj

Ω
Eσ,σ′ . (5)
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Like in the “classical” case [5, 6], the operatorsFσ,σ′ , (Gσ,σ′) 3 create (annihi-
late) a pair of fermions coupled to total angular momentum and parityJπ = 0+

and thus constitute boson-like objects. The Cartan subalgebra contains the op-
erators of the number of fermions of each kind,Ñ±1(2), which remain non-
deformed in this realization ofSpq(4). The ten operators̃Fσ,σ′ , G̃σ,σ′ andẼσ,σ′

andÑ±1 close on the generalized deformedsp(4) algebra, which follows from
their commutation relations. For nuclear structure applications we use the set
of the commutation relations that is symmetric with respect to the exchange of
the deformation parameterq ↔ q−1. For the pairing problem, the role of the
Sp(4) ∼ O(5) as a dynamical group is revealed through an investigation of its
reduction limits. The reduction chains with the corresponding algebraic struc-
tures and Casimir invariants of second order can be introduced in the same way as
the single-level realization [4]. Table 1 consists of the four different realizations
of a two-dimensional unitaryq−deformed subalgebrasuµ

q (2) ⊃ uµ(1)⊕suµ
q (2)

(µ = {τ, 0,±}) and the second order Casimir operators of the respectivesuµ
q (2).

The generators of theuµ(1) groups are non deformed and they are the first or-

der invariants of the respectiveuµ
q (2). By definition [X]k = qkX−q−kX

qk−q−k and

ρ± = (q±1 + q±
1

2Ω )/2. The corresponding “classical” formulae are restored
in the limit whenq goes to1. The deformed analogues of the “classical” pair-
creation (annihilation) operators are components of a tensor of first rankF0,±1

(G0,±1), whereFσ+σ′
2
≡ Fσ,σ′ (Gσ+σ′

2
≡ Gσ,σ′), σ, σ′ = ±1, with respect to the

SUτ
q (2) subgroup.

Table 1. Realizations of the unitary subalgebras ofsp(q)(4), µ = {τ, 0,±}

uµ(1) suµ
q (2) C2(su

µ
q (2))

T± ≡ E±1,∓1
N = N+1 + N−1 2Ωj

�
T−T+ +

h T0

2Ωj

i
[T0+1] 1

2Ωj

�

T0 ≡ τ0 =
N1 −N−1

2

τ0

F0,G0

K0 ≡ N

2
−Ωj

2Ωj

�
G0F0+

h
K0
2 Ωj

i
[K0+1] 1

2Ωj

�

N∓1

F±1, G±1

K±1 =
N±1−Ωj

2

Ωj

�
G±1F±1+ρ±

h
K±1
Ωj

i
[K±1 + 1] 1

Ωj

�

It is interesting to point out that for a single-j orbit the deformed generators
do not close within the single-level symplectic algebra,i.e. [T+, T−] 6= [2 T0

2Ω ],
but rather within the generalizedsp(4) algebra

[T+, T−] = [2
T̃0

2Ω
], [K0,K0] = [2

K̃0

2Ω
], [F±1, G±1] = ρ±[4

K̃±1

2Ω
].
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When the indexσ is interpreted as defining the nucleon charge (σ = +1 for
protons andσ = −1 for neutrons), the unitary subalgebrasuτ (2) is associated
with the isospin of the valence particles. TheSU0(2) limit describes proton-
neutron pairs (pn), while theSU±(2) limit is related to coupling between iden-
tical particles, proton-proton (pp) and neutron-neutron (nn) pairs. The eigen-
values of the Casimir invariant ofSU+

q (2) andSU−
q (2) depend on the coeffi-

cientρ±, which can then be used to distinguish between proton pairs and neutron
pairs. In the deformed case (Table 1) the algebra generators retain their “classi-
cal” meaning, but they are used not as representing physical observables, but as
building blocks of the pairing interactions and their respective basis states.

The deformed fermion operators act in finite deformed spacesEj , with a vac-
uum |0〉 defined byαm,σ|0〉 = 0 and〈0|0〉 = 1. The q-deformed states are
in general different from the classical ones and coincide with them in the limit
q → 1. The spaceE+

j of fully-paired states is constructed by the pair-creation
q-deformed operatorsF 0,±1 , acting on the vacuum state [7]:

|Ωj ;n1, n0, n−1)q = (F 1)
n1 (F 0)

n0 (F−1)
n−1 |0〉 . (6)

wheren1, n0, n−1 are the total number of pairs of each kind,pp, pn, nn, respec-
tively. The basis is obtained by orthonormalization of (6). Within a representa-
tion,Ωj is dropped from the labeling of the states. In the space spanned over the
multiple orbitals of dimension2Ω the basis states are constructed in terms of the
generalized deformed pair-creation operatorsF̃σ, σ = 0,±1 in the same way as
(6). All the formulae, which are derived for a single-j case, have the same content
but using the generalized generators (5) and replacingΩj by Ω.

In physical applications the quantum numbers that specify the basis states are
non-deformed eigenvalues of the operators associated with the “classical”uµ(2)
subalgebras,µ = {0,±}, corresponding to the different ways of coupling the
nucleons. In this way we obtain a full description of the irreducible unitary rep-
resentations ofUq(2) of four different realizations ofuq(2): uτ

q (2), u0
q(2) and

u±q (2).
The basis states|n1, n0, n−1)(q) give the isovector-paired0+ states of a nu-

cleus withN+ = 2n1 + n0 valence protons andN− = 2n−1 + n0 valence neu-
trons. This yields a simultaneous classification of the nuclei in a givenj shell
and of their corresponding states. The classification scheme is illustrated for the
case of1f7/2 with Ωj=7/2 = 4 (Table 2). The total number of the valence par-
ticles,n = N+ + N−, enumerates the rows and the third projection of the va-
lence isospin,τ0, enumerates the columns. As a consequence of the charge in-
dependence (the exchangen1 ↔ n−1) and the particle-hole symmetry, the ta-
ble is symmetric with respect toτ0 (with the exchangen1 ↔ n−1), as well as
with respect ton− 2Ω (middle of the shell). According to these symmetries Ta-
ble 2 can be filled in with nuclei. Isotopes of an element are situated along the
right diagonals, isotones – along the left diagonals, and the rows consist of iso-
bars for a given mass number. Hole pair-creation (annihilation) operators can



A.I. Georgieva, K.D. Sviratcheva, V.G. Gueorguiev, J.P. Draayer 353

Table 2. Classification scheme of nuclei,Ω7/2 = 4.

n/τ0 0 -1 -2 -3 -4

0
|0, 0, 0)
40
20Ca20

2
|0, 1, 0)
42
21Sc21

|0, 0, 1)
42
20Ca22

4
|1, 0, 1)
|0, 2, 0)
44
22Ti22

|0, 1, 1)

44
21Sc23

|0, 0, 2)

44
20Ca24

6
|1, 1, 1)
|0, 3, 0)
46
23V23

|1, 0, 2)
|0, 2, 1)
46
22Ti24

|0, 1, 2)

46
21Sc25

|0, 0, 3)

46
20Ca26

8

|2, 0, 2)
|1, 2, 1)
|0, 4, 0)
48
24Cr24

|1, 1, 2)
|0, 3, 1)

48
23V25

|0, 2, 2)
|1, 0, 3)

48
22Ti26

|0, 1, 3)

48
21Sc27

|0, 0, 4)

48
20Ca28

be introduced not only for identical particle pairs (pp or nn), but also forpn
pairs. This corresponds to a change from the particle to the hole number oper-
ator,N± → 2Ω−N± for N± > Ω andN → 4Ω−N for N > 2Ω.

3 Theoretical Model with sp(4) Dynamical Symmetry

The generalizedq-deformed model describes pairing correlations in nuclei with
valence nucleons that occupy several orbitals. It can be applied to predict the
lowest0+ isovector-paired states in the interesting regions of nuclei with a56Ni
core and a100Sn core. In these regions the observed effects are more fully devel-
oped and the available data is richer. They include exotic nuclei without avail-
able experimental data like nuclides with relatively large proton excess or with
N ≈ Z. The theoretical results will be tested in the new experimental studies
which follow from the recent development of radioactive beam facilities and the
studies of astrophysical phenomena.

Here we present the application on the example of the simpler singlej- shell
model. In analogy with the microscopic “classical” approach [7], the most gen-
eral Hamiltonian of a system withSpq(4) dynamical symmetry, which preserves
the total number of particles, can be expressed through the group generators in
the following way:
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Hq =−
(

εq
j − (

1
2
− 2Ω)Cq − Dq

4

)
N −GqF0G0

− Fq(F+1G+1 + F−1G−1)− 1
2
Eq

(
{T+, T−} −

[
N

2Ω

])

− 2ΩCq

[
K0

2Ω

] (
[K0 + 1] 1

2Ω
+ [K0 − 1] 1

2Ω

)

− ΩDq

[
T0

2Ω

] (
[T0 + 1] 1

2Ω
+ [T0 − 1] 1

2Ω

)
−Oq,

(7)

whereεq
j > 0 is the Fermi level of the nuclear system,K0 is related toN (Ta-

ble 1),Gq, Fq, Eq, Cq andDq are constant interaction strength parameters and
in general they are different than the non-deformed phenomenological parame-
ters. The constantOq sets the energy of zero particles to be zero:

Oq = −2ΩCq

[
1
2

] (
[Ω− 1] 1

2Ω
+ [Ω + 1] 1

2Ω

)
.

Expressed in terms of the phenomenological parameters, theq-deformed Hamil-
tonian is chosen to coincide with a non-deformed one in the limitq → 1, which
is appropriate for the description of the pairing interactions in a nuclear system.
The basis vectors (6) are eigenstates of the limiting forms of the suitably chosen
model Hamiltonian (7). In order to analyze the role of each of the different cou-
pling modes , the Hamiltonian in each limit is expressed through the Casimir in-
variant of the correspondingSU(2) subgroup and as a result the pairing problem
is exactly solvable. Forpn-coupling the energy eigenvalue of the non-deformed
pairing interaction in theSU0(2) limit is

εpn =
G

Ω
n0

2Ω− n + n0 + 1
2

=
G

8Ω
(n− 2ν0)(4Ω− n− 2ν0 + 2). (8)

In the like-particle coupling limit the energy of the non-deformed pairing inter-
action in the limitSU±(2) is

εpp(nn) =
F

Ω
n±1(Ω + n±1 −N± + 1)

=
F

4Ω
(N± − ν1) (2Ω−N± − ν1 + 2).

(9)

In each limit,ν0 = n1 + n−1 andν1 = n0 are the respective seniority quan-
tum numbers that count the number of remaining pairs that can be formed after
coupling the fermions in the primary pairing mode and they vary by∆ν0,1 = 2.
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To investigate the influence of the deformation on the pairing interaction, the
eigenvalue of the deformed pairing Hamiltonian is expanded in orders ofκ (q =
eκ) in each limit

εq
pn =Gq

[
1

2Ω

] [
n− 2ν0

2

]

1
2Ω

[
4Ω− n− 2ν0 + 2

2

]

1
2Ω

=
Gq

G
εpn





1 + κ2
(n2

0 − 4Ω2 − 1) +
(

2Ω
n0

εpn

G

)2

24Ω2
+ O(κ4)





,

(10)

εq
pp(nn) =Fqρ±

[
1
Ω

] [
N± − ν1

2

]

1
Ω

[
2Ω−N± − ν1 + 2

2

]

1
Ω

=
Fq

F
εpp(nn){1± κ

1 + 2Ω
4Ω

+ κ2
(n2
±1 + Ω2

2 − 5
8 ) +

(
Ω

n±1

εpp(nn)

F

)2

6Ω2
+ O(κ3)},

(11)

where the non-deformed energies (8) and (9) are the zeroth order approximation
of the corresponding deformed pairing energies. While the proton-neutron inter-
action is even with respect to the deformation parameterκ, the identical parti-
cle pairing includes also odd terms due to the coefficientρ±. The expansion of
the pairing energy brings into account higher order terms and introduces non-
linearity in the pairing interaction.

4 0+-State Energies for Even- A Nuclei

The eigenvalues of the Hamiltonian (7) describe nuclear isovector-paired0+

state energies. In general, the Hamiltonian is not diagonal in the basis set (Ta-
ble 2). Linear combinations of the basis vectors describe the spectrum of the rel-
evant states for a given nucleus.

In order to investigate the role of theq-deformation, we perform fitting pro-
cedures of the eigenvalues of the deformed Hamiltonian (7) to the experimen-
tal energies of the lowest0+ isovector-paired(T = 1) states [8, 9]. The ex-
tremely good agreement with experiment (smallχ) is illustrated in Figure 1 for
the relevant energies of nuclei in the1f7/2 shell with a40

20Ca core (Table 2), where
N± = 0, . . . , 8.

The theory predicted the lowest0+ isovector-paired state energy of nuclei
with a deviation of at most0.5% of the energy range considered. It determined
the strength of the pairing interaction and estimated the phenomenological defor-
mation parameterq = 1.114. The fitting procedure, which yieldedF 6= G and
D 6= E/2Ω confirmed also the isospin mixing of the calculated state vectors of
the model space (1f7/2).
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Figure 1. Coulomb corrected0+ state energyE0 vs. i for the isotopes of nuclei with
Z = 20 to Z = 28 in the1f7/2 level, Ω7/2 = 4. The experimental binding energies
Eexp

BE (symbol “×”) are distinguished from the experimental energies of the0+ excited
statesEexp

exc (symbol “◦”). Each line connects theoretically predicted energies of an isobar
sequence. The nuclei for which experimental data is not available are represented only by
their predicted energy.

5 Conclusions

The deformed realization ofspq(4) is based on the specificq-deformation of a
two component Clifford algebra, realized in terms of creation and annihilation
fermion operators. The deformed generators ofSpq(4) close different realiza-
tions of the compactuq(2) subalgebra. Each reduction into compact subalgebras
of spq(4) provides for a description of a different physical model with different
dynamical symmetries. While within a particular deformation scheme the basis
states may either be deformed or not, the generators are always deformed as is
their action on basis states. With a view towards applications, the additional pa-
rameter of the deformation gives in a Hamiltonian theory a dependence of the
matrix elements on theq−deformation , which does not simply account for one
more higher order of a two-body interaction, but it includes all of them through an
exponential expansion in parameterκ, q = eκ . In this way only one parameter,
q, can restore the neglected non-linear terms of the residual interaction.
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