
Nuclear Theory’21
ed. V. Nikolaev, Heron Press, Sofia, 2002

Hyperfine Electron-Nuclear Interactions in the
Frame of the Density Functional and of the
Density Matrix Methods

R.L. Pavlov 1, L.I. Pavlov 1, P.P. Raychev 1, V.P. Garistov 1

and M. Dimitrova-Ivanovich 2

1Institute of Nuclear Research and Nuclear Energy, Bulgarian Academy of
Sciences, Sofia 1784, Bulgaria
2Institute of Solid State Physics, Bulgarian Academy of Sciences, Sofia
1784, Bulgaria

Abstract.

The matrix elements and expectation values of the hyperfine interaction op-
erators are presented in a form suitable for numerical implementation in
density matrix methods. The electron-nuclear spin-spin (dipolar and con-
tact) interactions are considered, as well as the interaction between nuclear-
spin and electron-orbital motions. These interactions from the effective
Breit-Pauli Hamiltonian determine the hyperfine structure in ESR spectra
and contribute to chemical shifts in NMR. Applying the Wigner-Eckart the-
orem in the irreducible tensor-operator technique and the spin-space separa-
tion scheme, the matrix elements and expectation values of these relativistic
corrections are expressed in analytical form. The final results are presented
as products, or sums of products, of factors determined by the spin and (or)
angular momentum symmetry and a spatial part determined by the action
of the symmetrized tensor-operators on the normalized matrix or function
of the spin or charge distribution.

1 Introduction

In the formalism of reduced density matrices and functions (RDM& RDF) [1-3],
the matrix elements and expectation values of the various types of spin-involving
operators take the form of products of space and spin factors [1, 4]. The spin part
is determined by the spin symmetry and reduces to 3j-symbols while the spatial
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part is determined by the action of space operators on the spin distribution or cor-
relation matrices or functions [1,4,5]. The spin distribution and correlation ma-
trices and functions are built from the spatial parts of the RDMs and RDFs of first
and second order, respectively. In this approach the space-spin separation results
from the possibility of separating the space and spin variables in RDMs [6-9] and
from the use of split RDMs to represent the matrix elements of the perturbation
terms in the Hamiltonian [1,4,10].

In terms of RDMs and RDFs and in the scheme of space-spin separation there
are presented in Refs [1,4] the matrix elements and expectation values of the
various spin-involving operators, which are relativistic corrections in the Breit-
Pauli Hamiltonian [5]. The matrix elements and expectation values of the oper-
ators corresponding to the different types of relativistic corrections are reduced
to products of a factor determined by the spin symmetry, which characterizes a
spin state or a transition between two states in a given spin multiplet, and a space
part, that depends neither on the spin state nor on a transition between two states.
This space part is generally expressed by the action of the considered space op-
erator on the space part of the relevant spin distribution or correlation matrices
or functions.

In Refs [11,12] we took a further step in the treatment of the matrix elements
and expectation values of some of the main relativistic corrections, the spin-orbit
and spin-spin, electron-electron interactions terms, in a form that is convenient
for numerical implementation in density matrix methods. In the present work
we shall consider the matrix elements and expectation values of another type
of spin-involving relativistic corrections, the electron-nuclear spin-spin (dipo-
lar and contact) interactions, as well as the interaction between nuclear-spin and
electron-orbital motions. These terms from the effective Breit-Pauli Hamiltonian
determine the hyperfine structure in ESR spectra and contribute to chemical shifts
in NMR.

Using the technique of irreducible tensor operators and applying the Wigner-
Eckart theorem, the matrix elements and expectation values of these relativis-
tic corrections are expressed as products, or sums of products, of factors deter-
mined by the spin symmetry and (or) orbital momentum symmetry and a spatial
part determined by the action of the symmetrized tensor-operators on the normal-
ized matrix or function of the spin or charge distribution. The action of the space
tensor-operators is the same for a given spin multiplet and does not depend on
the splitting or transition case. The expectation values of these relativistic cor-
rections, which give the amount of splitting of energy levels, are expressed in
an analytical form suitable for numerical implementation. We also consider the
transition matrix elements of the electron-nuclear operators, which are involved
in the corresponding transitions.

In Section 2 the main concepts of the reduced density matrix formalism are
recalled. The structure of the spin distribution matrix for a given spin state and
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a transition between two states is presented. In Section 3 the Hamiltonian of
nuclear-spin interactions is displayed, and the matrix elements and expectation
values of the electron-nuclear dipolar and contact interactions are expressed us-
ing the spin distribution matrix, and those for the interactions between nuclear-
spin and electron-orbital motions are expressed using the first-order density ma-
trix. In the last section we discuss the results obtained.

2 Matrix Elements of Spin Operators

2.1 Matrix Elements in the RDM Formalism

The RDM of orders (s-RDM) of anN -electron system(1 ≤ s ≤ N) in stateK
described by a wave functionΨK(τ1, ..., τN ), eigenfunction of the operatorsS2

andSz, has the form [1-3, 13-18]:

ρ(KK|τ1, ..., τs; τ ′1, ..., τ
′
s) = N(N − 1)...(N − s + 1)

×
∫

ΨK(τ1, ..., τs; τs+1, ..., τN )Ψ∗K(τ ′1, ..., τ
′
s; τs+1, ..., τN ) dτs+1... dτN ,

(1)

whereτi = (ri, σi), ri being the position vector andσi the spin variable of the
i-th electron, anddτi = dridσi.

The corresponding RDF of orders (s-RDF) is defined by the expression:

ρ(KK|τ1, ..., τs) = ρ(KK|τ1, ..., τs; τ ′1, ..., τ
′
s)|τ ′{i}=τ{i}

=ρ(KK|τ1, ..., τs; τ1, ..., τs).
(2)

The generalized transition s-RDM between statesK andK ′ described byΨK

andΨK′ has the form [1-3]:

ρ(KK ′|τ1, ..., τs; τ ′1, ..., τ
′
s) = N(N − 1)...(N − s + 1)

×
∫

ΨK(τ1, ..., τs; τs+1, ..., τN )Ψ∗K′(τ ′1, ..., τ
′
s; τs+1, ..., τN ) dτs+1... dτN .

(3)

For the transition s-RDF we have a similar expression, which follows by analogy
with Eqn (2).

The expectation value of ans-particle operator,F(i1, i2, ..., is), can be writ-
ten as:

〈F(i1, i2, ...is)〉 = Spi1i2...isF(i1, i2, ..., is)ρ(τ1, ..., τs; τ ′1, ..., τ
′
s).

In Eqn (4),Spi1i2...is denotes the operator of the integration over particle coordi-
nates labeled with the corresponding numbers after identification of the primed
and unprimed coordinates.

In many-electron theory, the expectation values and matrix elements of
symmetric sums of identical operators are of major importance. Then, for
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the expectation values of a symmetrized sum of identicals-particle operators,
F(i1, i2, ..., is) (assuming the numbersik are ordered as:1 ≤ i1 < i2 < ... <
is ≤ N ), we obtain:

〈
∑

{is}
F(i1, i2, ..., is)〉 ≡〈ΨK(τ1, ..., τN )|

∑

{is}
F(i1, i2, ..., is)|ΨK(τ1, ..., τN )〉

=
1
s!

SpF(i1, i2, ..., is)ρ(K|τi1 , ..., τis
; τ ′i1 , ..., τ

′
is

),

(4)

where
∑
{is} means a summation over all possible sets(i1, i2..., iN ). Usually,

only RDMs and RDFs of 1st and 2nd order are relevent. Higher-order matrices
and functions are used in very specific cases.

After separation of the space and spin variables [1,2,6], the 1-RDM takes the
form:

ρ(τ1; τ ′1) =
∑

γ,γ′=α,β

ργ,γ′(r1; r′1)γ(σ1)γ′
∗(σ′1), (5)

where theργ,γ′(r1; r′1) are the space components and theγ(σ) (γ = α, β) are
the spin wave-functions. The space components yield the charge matrix:

ρ(r1; r′1) = ρα,α(r1; r′1) + ρβ,β(r1; r′1) (6)

and spin distribution matrix (Section 2.2).
For the expectation value of a sum of identical one-particle operators, making

use of Eq. (4) one obtains:

〈
∑

i

F(i)〉 ≡〈ΨK(τ1, ..., τN )|
∑

i

F(i)|ΨK(τ1, ..., τN )〉

=SpF(1)ρ(K|τ1; τ ′1).
(7)

2.2 Spin Distribution Matrices and Functions

In a spin eigenstate (with eigenvaluesS(S + 1) andM of operatorsS2 andSz,
respectively) the spin distribution matrix can be written in the following form
[1,2,4,5]:

q(r1; r′1) = 1/2[ρα,α(r1; r′1)− ρβ,β(r1; r′1)]. (8)

The spin distribution matricesq(M)(r1; r′1) for different spin eigenstates
(with M = S, S − 1, ...,−S) can be expressed in terms of the normalized spin
distribution matricesDS(r1; r′1), which are independent ofM [19,20]:

q(M)(r1; r′1) ≡ q(KK|r1; r′1) =
M

S
q(K K|r1; r′1) ≡ MDS(r1; r′1), (9)
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with:

DS(r1; r′1) =
1
S

q(K K|r1; r′1). (10)

HereK is the index of the spin state corresponding to〈Sz〉 = M , K is that
corresponding to the maximal valueM = S, andq(KK|r1; r′1) can be written
as in Eqn (8) using the general definition [1,4]:

q(KK ′|r1; r′1)
1
m =

∫

σ′1=σ1

S1
m(1)ρ(KK ′|τ1; τ ′1)dσ1, (11)

where theS1
m(i) (m = 0,±1) are symmetrized components of thei-electron spin

operatorS(i). Similar formulas can be written for the spin-distribution functions
whenr1 = r′1.

The spin-distribution matrices for transitions between statesK(SMS) and
K ′(S′MS′) satisfy the relation [1,4]

q(KK ′| r1; r′1)
1
m =

{
C S 1 S′

MS m MS′
/CS 1 S′

S m S′

}
q(KK

′| r1; r′1)
1
m,

(12)

whereC S 1 S′
MS m MS′

are Clebsch-Gordon coefficients. From their properties it fol-
lows thatm = MS′ −MS andm = S′ − S. By analogy with (11) one obtains:

q(KK
′|r1; r′1)

1
m =

∫

σ′1=σ1

S1
m(1)ρ(KK

′|τ1; τ ′1)dσ1.

Applying the Wigner-Eckart theorem yields

q(KK ′| r1; r′1)
1
m =

{
C S 1 S

MS m M ′
S

/CS 1 S
S 0 S

}
q(KK

′| r1; r′1)

= < SMS |S1
m|SM ′

S > DS(r1; r′1),
(13)

where theS1
m (m = 0,±1) are symmetrized components of the total spinS. Eqn

(12) is a generalization of Eqn (9) for a transition between different spin states.

3 Interactions Involving Nuclear Spins

The HamiltonianĤN of the interactions involving nuclear spins, for a many-
electron system in the clamped-nuclei approximation, includes a number of oper-
ators from the effective Breit-Pauli Hamiltonian [1,4,7], which describe first and
second order effects:

ĤN = ĤZ
N + ĤLI

en + ĤSI
dip + ĤSI

cont + ĤII
dir + ĤII

ind (14)
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The nuclear Zeeman splitting operator has the form:

ĤZ
N = −αp

∑

λ

gλB · I(λ), (15)

whereαp = 1/2mpc in atomic units,gλ is theg-factor of nucleusλ, I(λ) is
its momentum operator andB is the external magnetic field. This interaction
is screened by induced currents in the electronic system, which cause chemical
shifts in NMR spectra.

The magnetic interaction between the nuclear moment and the electron or-
bital motion has the following form:

ĤLI
en = 2ααp

∑

λ,i

gλr−3
λi I(λ) · Lλ(i), (16)

whereα = 1/2c is half the fine structure constant,rλi = ri −Rλ andLλ(i) is
the orbital angular momentum of electroni about nucleusλ:

Lλ(i) = rλi × p(i) = ri × p(i)−Rλ × p(i). (17)

This interaction contributes to second order to chemical shifts in NMR spectra.
The electron-nuclear dipole-dipole interaction has the following form:

ĤSI
dip = g0ααp

∑

λ,i

gλ

{
3[S(i) · rλi][I(λ) · rλi]− r2

λiS(i) · I(λ)
}

r−5
λi , (18)

whereg0 is theg-factor of the free electron [21], and the electron-nuclear contact
interaction has the form:

ĤSI
cont =

8π

3
g0ααp

∑

λ,i

gλδ(rλi)I(λ) · S(i). (19)

These interactions determine the hyperfine structure in ESR spectra.
The direct interaction̂HII

dir between nuclear spins is of a dipole-dipole type
similar to Eqn (18). It is averaged out in high-resolution NMR spectra. The indi-
rect interactionĤII

ind occurs through the electronic cloud and is proportional to
the scalar product of nuclear spins. It is responsible for line splittings in NMR
spectra.

3.1 Electron-Nuclear Dipolar Interactions

The magnetic dipole coupling between electron and nuclear spins can be written
in a form where electron and nuclear variables appear separated:

ĤSI
dip = g0ααp

∑

λ,i

gλS(i) · [3rλi

⊗
rλi

r5
λi

− n2

r3
λi

] · I(λ), (20)
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wheren2 is the unit tensor formed from the unit vectornλ(i) = rλi/rλi. For
each nucleusλ the sum of one-electron operators in Eqn (20) can be written as:

ĤSI
dip(λ) = g0αgλαp

∑

i

r−3
λi Kλ(i) · I(λ), (21)

where

Kλ(i) = 3[S(i) · nλ(i)]nλ(i)− S(i). (22)

The componentsKk(i) of the axial vectorK(i) for nucleusλ can be written in
the form:

Kk(i) =
∑

l

DklS
(1)
l (i), (23)

where the second-rank, symmetric, traceless tensor

Dkl = 3nk(i)nl(i)− δklnk(i)nl(i) (24)

is proportional to the normalized spherical functionsC2(ϑi, ϕi) with compo-
nents:

Cp
q (1) ≡ Cp

q (ϑ1, ϕ1) = [4π/(2p + 1)]1/2Y p
q (ϑ1, ϕ1).

Then the components of the symmetrized vectorK1(i) are:

K1
q (i) = C[D2 ⊗ S1]1q = C

∑

m,m′
C2 1 1

m m′ qC
2
m(ϑi, ϕi)S1

m′(i), (25)

where the[D2
⊗

S1]1q are the components of an irreducible first-rank tensor built
fromD2 andS1. The constantC can be derived from atomic spectroscopy theory
[22,23] and is equal to101/2.

Using the above relations and expressing the scalar product ofK(i) andI(λ)
in Eqn (21) as a tensor product of their symmetrized formsK1(i) andI1(λ), one
obtains:

ĤSI
dip(λ) = g0αgλαp

∑

i

r−3
λi

∑
q

(−1)q(K)1q(i) · I1
−q(λ)

=
√

10g0αgλαp

∑
q

(−1)q
∑

m,m′
C2 1 1

m m′ q

∑

i

r−3
λi C2

m(ϑi,ϕi)S1
m′(i)I1

−q(λ).
(26)

If one separates the electron and nuclear parts of the wave-function one obtains,
for the matrix elements between two statesK andK ′ within an electron spin
multiplet andKλ andK ′

λ of nucleusλ:

〈KSMSKλ|ĤSI
dip(λ)|K ′SM ′

SK ′
λ〉 =

√
10g0αgλαp

∑
q

(−1)q
∑

m,m′
C2 1 1

m m′ q

×〈KSMS |
∑

i

r−3
λi C2

m(ϑi, ϕi)S1
m′(i)|K ′SM ′

S〉〈Kλ|I1
−q(λ)|K ′

λ〉.
(27)
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Using Eqs (11)-(13) we can express the matrix elements of the electronic fac-
tor in the form:

〈KSMS |
∑

i

r−3
λi C2

m(ϑi, ϕi)S1
m′(i)|K ′SM ′

S〉

=
∫

r′1=r1

r−3
λ1 C2

m(ϑ1, ϕ1)q(KK ′|r1; r′1)
1
m′dr1

= < SMS |S1
m′ |SM ′

S >

∫

r1

r−3
λ1 C2

m(ϑ1, ϕ1)DS(r1)dr1,

(28)

whereDS(r1) = q(K K|r1; r1)10/S is the normalized spin distribution function.
Applying the Wigner-Eckart theorem for the matrix element in Eqn (28) yields:

< SMS |S1
m′ |SM ′

S >=

√
3
2

1√
2S + 1

C S 1 S
MS m′ M ′

S
. (29)

Finally for a given term, the matrix element in Eqn (27) takes the form:

〈KSMSKλ|ĤSI
dip(λ)|KSMSK ′

λ〉 =
√

15g0ααp
1√

2S + 1

∑

λ

gλ

∑
q

(−1)q

×
∑
m

C2 1 1
m 0 q MS

∫
r−3
λ1 C2

m(ϑ1, ϕ1)DS(r1)dr1〈Kλ|I1
−q(λ)|K ′

λ〉.
(30)

This expectation value directly relates to the spectral line splitting due to the
electron-nucleus dipolar interaction.

3.2 Electron-Nuclear Contact Interactions

Expressing the scalar product ofI(λ) andS(i) in Eqn (19) through their sym-
metrized components, one obtains:

ĤSI
cont =

8π

3
g0ααp

∑

λ,i

gλδ(rλi)
∑
m

(−1)mS1
m(i)I1

−m(λ). (31)

Separating the electronic and nuclear parts in the matrix elements of this operator,
one obtains:

〈KSMSKλ|ĤSI
cont|K ′SM ′

SK ′
λ〉 =

8π

3
g0ααp

∑

λ

gλ

∑
m

(−1)m

×〈KSMS |
∑

i

δ(rλi)S1
m(i)|K ′SM ′

S〉〈Kλ|I1
−m(λ)|K ′

λ〉.
(32)
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Using the same procedure as in the previous subsection, one obtains for the first
matrix element:

〈KSMS |
∑

i

δ(rλi)S1
m(i)|K ′SM ′

S〉

=
{

C S 1 S
MS m M ′

S
/CS 1 S

S 0 S

} ∫

r′1=r1

δ(rλ1)q(KK ′|r1; r′1)10dr1

=〈SMS |S1
m|SM ′

S〉
∫

r1

δ(rλ1)DS(r1)dr1

=

√
3
2

1√
2S + 1

C S 1 S
MS m M ′

S
DS(Rλ),

(33)

whereDS(Rλ) is the spin density at the location of nucleusλ.
Then, for a given nucleus, the matrix element ofĤSI

cont(λ) is given by:

〈KSMSKλ|ĤSI
cont(λ)|K ′SM ′

SK ′
λ〉 =

8π

3

√
3
2
g0αgλαp

1√
2S + 1

×
∑
m

(−1)mC S 1 S
MS m M ′

S
DS(Rλ)〈Kλ|I1

−m(λ)|K ′
λ〉.

(34)

For a given term this expression takes the simple form:

〈KSMSKλ|ĤSI
cont(λ)|KSMSK ′

λ〉

=
8π

3

√
3
2
g0αgλαp

1√
2S + 1

MSDS(Rλ)〈Kλ|I1
−0(λ)|K ′

λ〉
(35)

which is a closed form for the contact hyperfine splitting.

3.3 Electron-Nuclear Orbital-Spin Interactions

The interaction between the magnetic moment of nuclei and the electronic orbital
motion Eq. (16), presented by the symmetrized components of the operatorsI(λ)
andL(λ), can be described by the operatorĤLI

en in the form :

ĤLI
en = 2ααp

∑

λ,i

gλr−3
λi

∑
m

(−1)mI1
−m(λ)[Lλ(i)]1m. (36)

If for a given nucleus the origin of coordinates is chosen at the nucleus then
the corresponding operator can be written:

ĤLI
en (λ) = 2ααpgλ

∑

i

r−3
i

∑
m

(−1)mI1
−m(λ)L1

m(i), (37)
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where theL1
m(i) are the spherical components of orbital momentum of the elec-

tron i. Using the relations:

p(i) = −i∇i, ∇ = n
∂

∂r
+

1
r
∇Ω,

wheren is the unit vector ofr and∇Ω the spherical part of∇, one can write
L(i) = −i[n×∇Ωi

] [23]. After some algebraic manipulation, one obtains:

L1
m(i) = −

√
2

∑
p,q

C1 1 1
p q mC1

p(θi, ϕi)(∇Ωi
)1q. (38)

The matrix element between the electronic statesK andK ′ and nuclear states
Kλ andK ′

λ can then be written:

〈KKλ | ĤLI
en (λ) | K ′K ′

λ〉 = 2ααpgλ

∑
m

(−1)m

× 〈K |
∑

i

r−3
i L1

m(i) | K ′〉〈Kλ | I1
−m(λ) | K ′

λ〉,
(39)

where the electronic factor takes the form:

〈K |
∑

i

r−3
i L1

m(i) | K ′〉 =
∫

r′1=r1

r−3
1 L1

m(1)ρ1(KK ′ | r1; r′1)dr1

= −
√

2
∑
p,q

C1 1 1
p q m

∫

r′1=r1

r−3
1 C1

p(θ1, ϕ1)(∇Ω1)
1
qρ(KK ′ | r1; r′1)dr1,

(40)

ρ(KK ′ | r1; r′1) being the charge transition matrix.
For molecules in the clamped-nuclei approximation, the orbital momentum

of electroni about nucleusλ is given by Eqn (36). Using the formula for the
matrix element of a tensor-operator product:

〈K | f · g | K〉 =
∑

K′
〈K | f | K ′〉〈K ′ | g | K〉,

it appears thatRλ × p(i) = 0 since the matrix element ofRλ differs from
zero only whenML(i) = M ′

L(i) while that ofp(i) differs from zero only when
M ′

L(i) = ML(i) + 1. Then, for the matrix element of̂HLI
en , one obtains:

〈KKλ | ĤLI
en | K ′K ′

λ〉 = 2ααp

∑

λ

gλ

∑
m

(−1)m

× 〈K |
∑

i

r−3
λi [Lλ(i)]1m | K ′〉〈Kλ | I1

−m(λ) | K ′
λ〉,

(41)

where the electronic factor takes a form analogous to Eqn (40).
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4 Conclusion

The results presented here give the possibility to include electron-nuclear spin-
spin (dipolar and contact) interactions as well as interactions between nuclear-
spin and electron-orbital motions in a density matrix theory for spin-polarized
systems, even in degenerate or excited states. The procedures used allow not
only to include relativistic corrections in a variational approach of density matrix
methods but also to perform calculations in terms of vector-model and valence-
bond schemes.

The matrix elements and expectation values of operators with a complex
form, such as those of electron-nuclear spin-spin interactions, are reduced to sim-
ple forms involving well tabulated Clebsch-Gordon coefficients. The only spe-
cific component in the matrix elements of operatorsĤSI

dip andĤSI
cont is the nor-

malized spin distribution functionDS(r1), which is the same for a given spin
multiplet.

The calculation of the matrix elements ofĤLI
en reduces to elementary opera-

tions on the first-order density matrix. The same holds true for density function-
als built in terms of density matrices. We could use the local-density functional
form of the spin distribution function or the average local-density functional ap-
proximation for the spin distribution matrix [25] to include these relativistic cor-
rections.

In the Barth-Hedin construction [26], widely used in Kohn-Sham type cal-
culations for spin-polarized systems, the energy functional is defined in terms of
the first-order density matrix. This does not allow the description of relativistic
corrections, which require a two-particle density matrix. There it is only possible
to determine the influence of an external magnetic field and only for the ground
state.

The formalism presented here and in [11,12] can be used in density matrix
and density functional methods for the determination of relativistic corrections
from the Breit-Pauli Hamiltonian, not only for the ground state but also for ar-
bitrary states of a spin multiplet. This formalism can also be used to express the
effect of an external magnetic field.

The use of a suitable minimization procedure, e.g. the local-scaling trans-
formation scheme [27-29], more precisely its formulation for spin-polarized sys-
tems [30] – that keeps automatically space and spin symmetry, would allow direct
minimization of the energy density functional, including relativistic terms.
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