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Abstract.

The dinuclear system concept is applied to the explanation of the structure
of nuclei. Hyperdeformed nuclei are assumed as dinuclear systems which
could directly be excited in heavy ion collisions. Signatures of hyperde-
formed states in such reactions could beγ-transitions between these states
and their decay into the nuclei forming the hyperdeformed nucleus. The
appearance of a low-lying band with negative parity states near the ground
state band in actinide nuclei is explained by oscillations of the dinuclear sys-
tem in the mass asymmetry coordinate. The results for the parity splitting
and electric multipole moments in alternating parity bands in actinide nuclei
are in agreement with experimental data.

1 Introduction

The dinuclear system (DNS) is a configuration with two touching nuclei which
keep their individuality and exchange nucleons and/or clusters [1]. Such con-
figurations are also denoted as quasimolecular or bi-cluster configurations and
nuclear molecules [2]. Well known examples with light nuclei are the Be config-
uration built up by two touchingα-particles and the nuclear molecular resonances
in the reactions12C on12C up to58Ni on 58Ni. The concept of the dinuclear sys-
tem has manifold applications in the calculation of fusion cross sections for very
heavy nuclei and of the mass and charge distributions in quasifission [3]. For ex-
ample, in the production of superheavy elements, the DNS is first formed in the
reaction between two heavy ions and then the touching nuclei exchange nucleons
up to the moment when the system crosses the inner fusion barrier and an excited
compound nucleus is formed.
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262 Nuclear Structure with the Dinuclear Model

In this review we discuss two applications of the DNS concept for the descrip-
tion of nuclear structure effects, First, in Section 2 we introduce the basic facts
about the dinuclear system model. In Section 3 we study the question whether
hyperdeformed states can be interpreted as dinuclear molecular resonances and
propose the idea to produce hyperdeformed muclei in heavy ion reactions. Then,
in Section 4 we explain the parity splitting of rotational bands in actinide nuclei
where vibrations of the dinuclear system in the mass asymmetry coordinate about
the shape of the compound nucleus are assumed.

2 Basic Facts on the Dinuclear Model

The main coordinates of the DNS model are the relative coordinateR between
the nuclei (clusters) and the mass and charge asymmetry coordinates defined as
η = (A1 − A2)/(A1 + A2) andηZ = (Z1 − Z2)/(Z1 + Z2) whereA1, A2

andZ1, Z2 are the mass and charge numbers of the nuclei, respectively. The
potential of the DNS is strongly repulsive for smaller distances and hinders the
nuclei to melt together in the relative coordinate. Under the assumption of a
small overlap of the nuclei in the DNS, the potential energy is usually semi-
phenomenologically calculated [4]

U(R, η, L) = B1 + B2 + V (R, η, L)−B12. (1)

Here,Bi (i = 1, 2, negative) are the asymptotic experimental binding energies
of the nuclei,V (R, η, L) is the interaction between the nuclei,

V (R, η, L) = VC(R, η) + VN (R, η) + Vrot(R, η, L), (2)

consisting of the Coulomb potential, the nuclear part and the centrifugal potential
Vrot = ~2L(L+1)/(2=). The nuclear part is calculated by a double folding pro-
cedure with a Skyrme-type effective density-dependent nucleon-nucleon interac-
tion taken from the theory of finite Fermi systems [5]. The potentialU(R, η, L)
is related to the binding energyB12 of the compound nucleus. Also deformations
of the clusters are taken into account by assuming the clusters in a pole-to-pole
orientation.

The moment of inertia of the DNS can be assumed in the sticking limit

= = =1 + =2 + µR2, (3)

whereµ is the reduced mass of relative motion and the moments of inertia=i

(i = 1, 2) of the nuclei are calculated in the rigid body approximation.
Depending on the special application, the dynamics of the nuclear system on

the potential energy surface can be treated by quantum mechanics in the case of
low energies or statistically with the Fokker-Planck equation or master equations
at higher excitation energies. In the case of nuclear structure effects we solve the
corresponding Schrödinger equations in coordinatesR andη.
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3 Hyperdeformed Nuclei as Nuclear Molecules

Nuclear molecular states were first observed in the12C - 12C collision by Brom-
ley et al. [6] and then seen up to the system Ni + Ni by Cindro et al. [7]. The ques-
tion arises whether heavier nuclear systems have excited states with the proper-
ties of molecular (or cluster) states. Such states could be the hyperdeformed (HD)
states which are explained by nuclear shapes with a ratio of axes of1 : 3 caused
by a third minimum in the potential energy surfaces (PES) of the corresponding
nuclei. Very effective4π γ-ray spectrometers like EUROBALL and GAMMA-
SPHERE have been used in search for evidences for high-spin HD bands [8].
An interesting observation in shell model calculations was made that the third
minimum of the PES of actinide nuclei belongs to a molecular configuration of
two touching nuclei (clusters) which is a dinuclear configuration [9]. We showed
that dinuclear systems have quadrupole moments and moments of inertia as those
measured for superdeformed states and estimated for HD states [10].

If hyperdeformed states can be considered as quasimolecular resonance
states, it should be possible to excite them by forming a hyperdeformed config-
uration in the scattering of heavy ions. In the following we discuss the systems
48Ca +140Ce and90Zr + 90Zr as possible candidates for exploring the proper-
ties of hyperdeformed states [11]. First, we calculated the potentialsV (R, η, L)
with Eq. (2) as a function of the relative distance for various angular momenta.
These potentials are shown in Figure 1. They have a minimum around 11 fm at
a distanceRm ≈ R1 +R2 +0.5 fm whereR1 andR2 are the radii of the nuclei.
The depth of this molecular minimum decreases with growing angular momen-
tum and vanishes forL > 100 in the considered systems.

The potential pocket has virtual and quasibound states situated above and be-
low the barrier, respectively. Approximating the potential in the neighborhood of
the minimum by a harmonic oscillator potential, we can easily estimate the po-
sitions of one to three quasibound states with an energy spacing of~ω ≈ 2.2
MeV for L > 40. For example, in the90Zr + 90Zr system we find the lowest
quasibound state forL = 50 lying 1.1 MeV above the potential minimum.

The charge quadrupole moments of (40-50)·102 e fm2 and the moments of
inertia of (160-190)~2/MeV of the quasibound dinuclear configurations48Ca
+ 140Ce and90Zr + 90Zr are close to those estimated for hyperdeformed states.
Therefore, we can assume that the quasibound states are HD states and propose
to produce these states in heavy ion reactions of48Ca on140Ce and90Zr on90Zr.
The following conditions should be fulfilled: 1. The quasibound states should
be directly excited by tunneling through the potential barrier inR including the
centrifugal potential, i.e. the DNS should have no extra excitation energy. 2. The
DNS should stay in the potential minimum without changing the mass and charge
asymmetries. Spherical and stiff nuclei (magic and double magic nuclei) fulfill
the second condition.
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Figure 1. The potentialV (R, L) for the systems48Ca +140Ce (upper part) and90Zr +
90Zr (lower part) as a function ofR for L = 0, 20, 40, 60, 80 presented by solid, dashed,
dotted, dashed-dotted and dashed-dotted-dotted curves, respectively.

The cross section for penetrating the barrier and populating quasibound states
can be written as

σ(Ec.m.) =
π~2

2µEc.m.

Lmax∑

L=Lmin

(2L + 1)TL(Ec.m.). (4)

Here,Ec.m. is the incident energy in the center of mass system,TL(Ec.m.) the
transmission probability through the entrance barrier which is approximated by
a parabola with frequencyω′:

TL(Ec.m.) = 1/ (1 + exp[2π(V (Rb, η, L)− Ec.m.)/(~ω′)]) . (5)

The barrier is atRb. The angular momentum quantum numbersLmin andLmax

in Eq. (4) fix the interval of angular momenta contributing to the excitation of
HD states. The range of partial waves leading to the excitation of quasibound
states constitutes the so called molecular window known in the theory of nuclear
molecules with light heavy ions.

In the reaction48Ca on140Ce, cold and long living DNS states can be formed
at an incident energyEc.m = 147 MeV and90 < L < 100, and in the reaction
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90Zr on 90Zr at Ec.m = 180 MeV and40 < L < 50. For both reactions we
estimate a cross section (4) of about 1µb. Also other reactions, namely48Ca +
144Sm (Ec.m = 149 MeV, 80 < L < 90), 48Ca +142Nd (Ec.m = 148 MeV,
80 < L < 90), and38Ar + 140Ce, 142Nd, 144Sm (Ec.m = 137, 141 and145
MeV, respectively,80 < L < 90) can be thought to be applied for a possible
observation of cluster-type HD states.

The spectroscopic investigation of the HD structures is difficult because of
the small formation cross section and the high background produced by fusion-
fission, quasifission and other reactions. However, the later processes have char-
acteristic times much shorter than the life-time of the HD states which is of the
order of10−16 s. Therefore, the HD states should show up as sharp resonance
lines as a function of the incident energy.

4 Cluster Interpretation of Alternating Parity Bands in Actinides

The appearance of a low-lying band with negative parity states near the posi-
tive parity ground state band of even-even actinide nuclei as Ra, Th, U and Pu
is caused by reflection asymmetric shapes of these nuclei [12,13]. The negative
parity states are shifted upwards with respect to the positive parity states. This
effect is denoted as parity splitting. The band with negative parity and the parity
splitting can be explained by considering the dynamics in the octupole deforma-
tion degree of freedom [14,15] or by assuming vibrations in the mass asymmetry
degree of freedom [16]. The later type of approach is based on a cluster interpre-
tation of low-lying negative parity states and can be formulated in the dinuclear
model. This approach will be used in the following to explain the parity splitting
and to calculate electric dipole, quadrupole and octupole transition moments ob-
served in alternating parity bands in actinide nuclei.

Instead of a parametrization of the nuclear shape in terms of quadrupole, oc-
tupole and higher multipole deformations, we use the mass asymmetry coordi-
nateη as the relevant collective variable. The ground state wave function inη
is thought as a superposition of different cluster-type configurations including
the mono-nucleus configuration|η| = 1. Calculating the potential energy of the
dinuclear system for the actinide nuclei, we find an alpha-cluster configuration
mixed to the ground state wave function :

AZ →(A−4) (Z − 2) + α - particle.

The mono-nucleus configuration has a higher energy than the alpha-cluster
configuration. The resulting potential is schematically depicted as a function of
the mass asymmetry coordinate in Figure 2, where also the reflection-asymmetric
shapes of the alpha-cluster configuration are shown. The mass asymmetry coor-
dinates of the later configurations areηα = ±(1− 8/A).
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Figure 2. Schematic picture of the potential in the mass asymmetry and of the two states
with different parities (parallel lines, lower state with positive parity, higher state with neg-
ative parity).

Since the potential energy of configurations with a light cluster heavier than
an alpha-particle increases rapidly with decreasing|η|, we restricted our inves-
tigations to configurations with light clusters not heavier than Li, i.e. to cluster
configurations near|η| = 1, and not too high angular momenta.

It is convenient to substitute the coordinateη by the following coordinate

x = η − 1 if η > 0,
x = η + 1 if η < 0.

Then the Schr̈odinger equation can be written as

(
− ~2

2Bx

d2

dx2
+ U(x, I)

)
ψn(x, I) = En(I)ψn(x, I), (6)

whereBx = Bη is the effective mass. The potential energy is calculated with Eq.
(1) by settingU(x, I) = U(R = Rm, η, L = I) with the touching distanceRm

between the clusters. Details of the calculation ofVN (Rm, η) are given in [4].
The nuclear density distribution is approximated by the Fermi distribution with a
radius parameter of 1.15 fm for the Ra - Pu region and with a diffuseness param-
etera = 0.48 fm for the densities of4He and7Li anda = 0.56 fm (B(0)

n /Bn)1/2

for the heavy clusters, whereBn andB
(0)
n are the neutron binding energies of the
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studied nucleus and of the heaviest isotope considered for the same element, re-
spectively. For example in the case of Ra, Th and U isotopes,B

(0)
n corresponds

to the neutron binding energies of226Ra,232Th and238U, respectively. To cal-
culate the potential energy forI 6= 0, the moment of inertia= in the centrifugal
potential is expressed for cluster configurations withα and Li as light clusters as

=(η) = c1(=r
1 + =r

2 + M
A1A2

A
R2

m). (7)

Here,=r
i (i = 1, 2) are the rigid body moments of inertia for the clusters of the

DNS, c1 = 0.85 for all considered nuclei andM is the nucleon mass. Single
particle effects like alignment of the single particle angular momenta in the heavy
cluster are neglected.

For |η| = 1, the moment of inertia is not known from the data because the
experimental moment of inertia is a mean value between the moments of inertia
of the mono-nucleus (|η| = 1) and of the cluster configurations arising due to
oscillations inη. We assume

=(|η| = 1) = c2=r(|η| = 1). (8)

Here,=r is the rigid body moment of inertia of the mono-nucleus calculated with
deformation parameters andc2 = 0.1 − 0.3 a scaling parameter fixed by the
energy of the first2+ state. For example, for the isotopes220,222,224,226Ra we
find=(|η = 1) = 12, 17, 22, and32~2/MeV, respectively.

Then a smooth parametrization of the potentialU(x, I) is chosen:

U(x, I) =
4∑

k=0

a2k(I)x2k. (9)

The parametersa2k(I) with k > 0 are determined by the calculated potential
values forx = xα andx = xLi. The valuea0(I = 0) is taken so that the ground
state energyE0(I = 0) is zero after the solution of the Schrödinger equation. In
the majority of cases this procedure leads to a valueU(x = 0, I = 0) = a0(I =
0) close toE0(I = 0) = 0. However, for222Th and220,222Ra we varied the
inertia coefficientBx = Bη in Eq. (6) in the rangeBη = (10 − 20) × 104M
fm2 to obtain the correct value ofE0(I = 0) = 0. In the other cases we set
Bη = 20× 104M fm2 with a variation of10%.

The massBη can be estimated by relating the mass asymmetry coordinateη
to the octupole deformation coordinateβ3. Such a relation betweenη, R andβ3

was derived in [10]:

β3 =

√
7
4π

π

3
η(1− η2)

R3

R3
0

, (10)
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whereR0 is the spherical equivalent radius of the corresponding compound nu-
cleus. If we take the value ofBβ3 = 200~2MeV −1 known from the litera-
ture [17], then we obtainBη ≈ (dβ3/dη)2Bβ3 = 9.3× 104M fm2, compatible
with the one used in the calculations.

We first calculated the parity splitting for several isotopes of Ra, Th, U and
Pu for different values of the nuclear spinI. Figure 3 gives a comparison of
experimental and calculated energies of states of the alternating parity bands in
232−238U. The experimental data are taken from [18,19]. Also the results for the
other isotopes agree well with the experimental data with the largest deviations
in the lightest Ra and Th isotopes.

Figure 3. Experimental (points) and theoretical (lines) rotational spectra for
238,236,234,232U.
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Figure 4. Potential energy (solid curve) and wave functions of0+ (long-dashed curve)
and1− (short-dashed curve) states of224Ra.

The ground state wave function has a maximum in the vicinity of|η| = 1
even when the potential energy has minima at|η| = ηα because these minima
of maximal 0.8 MeV are rather shallow as shown in Figure 4. With increasing
angular momentum the barrier atx = 0 separating the minima at|x| = xα in-
creases and the maxima of the wave function shift closer to the minima of the
potential, i.e. to theα-cluster configuration. In the ground state of226Ra we find
a weight of theα-cluster configuration, estimated as that contribution to the norm
of the wave function located at|x| ≥ xα, of about5×10−2 which is close to the
calculated spectroscopic factor [20].

A good test for the quality of the calculations are the reduced matrix elements
of the electric multipole momentsQ(E1), Q(E2) andQ(E3). The electric mul-
tipole operators can be obtained for the dinuclear system and result in the expres-
sions [10]:

Q10 =2D10 = e
A

2
(1− η2)Rm(

Z1

A1
− Z2

A2
), (11)

Q20 = e
A

4
(1− η2)R2

m((1− η)
Z1

A1
+ (1 + η)

Z2

A2
)

+ Q20(1) + Q20(2), (12)

Q30 = e
A

8
(1− η2)R3

m((1− η)
Z1

A1
− (1 + η)

Z2

A2
)

+
3
2
((1− η)2Q20(1)− (1 + η)2Q20(2)), (13)

where the charge quadrupole momentsQ20(i) of the clustersi = 1, 2 are cal-
culated with respect to their centers of mass. The charge-to-mass ratiosZ1/A1
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andZ2/A2 are functions ofη. For theα-particle this ratio is equal to 0.5. For
small values of|x| we parametrize the ratioZ/A of the light cluster as follow-
ing: Z/A is equal to the value of the mono-nucleus for|x| < xα andZ/A = 0.5
for |x| ≥ xα as for theα-cluster.

In Eqs. (11)–(12) we use effective chargeseeff instead of the unit chargee.
We set the effective charge forE1-transitions to beeeff

1 = e(1 + χ) with an
average state-independent value of theE1 polarizability coefficientχ = −0.7.
This renormalization regards a coupling of the mass-asymmetry mode to the gi-
ant dipole resonance. For quadrupole transitions we seteeff

2 = e although an
effective charge of1.35e describes the experimental data better. Octupole tran-
sitions are treated witheeff

3,proton = 1.2e andeeff
3,neutron = 0.8e by assuming ef-

fects from the coupling of the mass-asymmetry mode with higher-lying isovector
and isoscalar octupole excitations.

Figures 5 - 7 show calculated reduced electric multipole moments for226Ra
as a function of nuclear spin in comparison with experimental data (from [21]).
The obtained values (also of other actinides) are in qualitative agreement with
the known experimental data forQexp

λ with some exceptions, e.g. in the case of
220,222Ra.

Figure 5. Reduced matrix elements of the electric dipole operator (solid curve) for226Ra
in comparison with experimental data (squares).
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Figure 6. The same as in Figure 5 , but for the quadrupole operator.

Figure 7. The same as in Figure 5 , but for the octupole operator.
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5 Summary

Nuclear structure phenomena can be explained by selected states of the dinuclear
system. We distinguish two types of states: states in the relative motion of the
clusters and states in the mass asymmetry degree of freedom. The first type of
states is used to interpret states of hyperdeformed nuclei as quasimolecular res-
onances in the nucleus-nucleus potential of heavy nuclei. These states are char-
acterized byγ-transitions between HD states and by their decay into the nuclei
by which they are formed. Therefore, if these signatures would be observed in
heavy ion experiments, it would be an unique proof of the idea that HD states
are cluster-type states and further that quasimolecular configurations also exist
in heavier nuclear systems.

The cluster interpretation of the properties of the alternating parity bands of
Ra, Th, U and Pu isotopes is based on collective states in the mass asymmetry de-
gree of freedom. The calculated parity splitting and the multipole transition mo-
ments reproduce the experimental data quite well. This agreement gives a strong
impulse for research on the appearance of further possible long living states in
the mass asymmetry degree of freedom which would complement the statisti-
cal behaviour of this degree of freedom at higher energies studied in fusion and
quasifission reactions.
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