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Abstract.

We examine how pairing and continuum effects can be treated self-
consistently in the microscopic description of ground states and excited
states of neutron-rich nuclei. The starting point is the Hartree-Fock-
Bogoliubov (HFB) theory of nuclear ground states. Assuming an effective
interaction of the Skyrme type we show how the self-consistent mean field
and pairing field can be constructed with the inclusion of the continuum,
i.e., with the contributions of HFB states having the correct asymptotic be-
haviour of scattering waves. We compare the results of continuum-HFB
calculations with those of conventional discretized HFB calculations. It is
shown that differences are more pronounced in the vicinity of the drip line.
On the basis of the continuum-HFB solution one can build the continuum-
QRPA approach which provides a consistent description of the excitations.
Again, the only input is the effective Skyrme interaction. The continuum-
QRPA response function can be calculated. As an illustration, we present
and discuss the results obtained for low-lying excitations and giant reso-
nances in neutron-rich Oxygen isotopes.

1 Introduction

Nuclei near drip lines offer challenging problems from the point of view of nu-
clear structure. First, continuum effects on the bound states are expected to be
important because of the small separation energies. Second, such nuclei are not
necessarily at closed subshells and therefore, pairing effects must be considered.
A peculiarity of pairing correlations in drip line nuclei is their sensitivity to the
contribution of continuum single-particle states.
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The pairing correlations in the presence of continuum coupling have been
treated both in HFB [1-8] and BCS [9-12] approximations. In the HFB approx-
imation the continuum is generally included by solving the HFB equations in
coordinate representation. The calculations are done either in the complex en-
ergy plane, by using Green functions techniques [1, 6], or on the real energy
axes [3, 4]. In the latter case the HFB equations are usually solved by impos-
ing a box boundary condition, i.e., that the HFB wave functions vanish beyond a
given distance far from the nucleus. The effect of the resonant continuum upon
pairing correlations was studied also in the framework of BCS approximation,
both for zero [9-11] and finite temperature [12].

Here, we will show how the HFB equations can be solved by treating the
continuum exactly, i.e., with correct boundary conditions. We will also see that
the resonant HF-BCS approach can give results very close to those of continuum
HFB even in the vicinity of the drip line. A more detailed presentation and dis-
cussion can be found in [13].

In nuclei close to the drip lines one expects also a strong connection between
the excitations of the system and the properties of the ground state, which may
present such specificities as neutron skins. Therefore, in addition to the quasipar-
ticle (gp) spectrum, the residual interaction used in QRPA should be determined
from the same two-body force as it is done in the self-consistent continuum RPA
calculations [14—16]. In the past years several attempts [17—-20] have been made
to describe consistently both the pairing correlations and the continuum coupling
within QRPA. Here, we present briefly the work of Khan et al. [20] which is the
first continuum QRPA calculation with the single-particle spectrum and the resid-
ual interaction determined from the same effective two-body force. The ground
state is calculated using the continuum HFB approach [13] with the mean field
and the pairing field described by a Skyrme interaction and a density-dependent
deltaforce, respectively. Based on the same HFB energy functional we derive the
QRPA response function in coordinate space. The QRPA response is constructed
by using real energy solutions for the continuum HFB spectrum. The method is
illustrated by calculations done for the neutron-rich oxygen isotopes.

2 Continuum HFB

2.1 HFB Equations in Coordinate Representation

The HFB approximation in coordinate representation have been discussed quite
extensively in the literature [2—4] and therefore we give here only the basic equa-
tions.

The HFB equations in coordinate representation read ( [3]):
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/d3 ,Z h(ro,v'c’)  h(ro,r'c’) Oy (E,r'c’)
h(ro,r'c’) —h(ro,r'c") Oy(E,r'0’)
_( E+2X 0 ®,(E,ro) (1)
o 0 E—\ Oy(E,ro) )’
where) is the chemical potentiak, andh are the mean field and the pairing field,
and®; represents the two-component HFB gp wave function of engérgyhe

mean field hamiltoniai is a sum of a kinetic energy terffi and a mean field
termI:

h(ro,x'c’) = T(r,v")pe + '(ro,r'a’) . )

The mean field potentidlis expressed in terms of the particle-hole two-body
interactionV” and the particle densityin the following way:

['(ro,r'o’) = /d3r1d3r2 Z V(ro,r101;1' 0’ ra02)p(ra02,r101) . (3)

0102

In the same way the pairing potentfals expressed in terms of the pairing
interactionV,,.; and the pairing density:

h(ro,r'c’) = /d3r1d3r2 Z 20’ o}

X ‘/pair(rgy I‘/ — O',;I'10'1,I‘2 — 0'2)[3(1‘10’1,1‘20’2) . (4)

The particle and pairing densitigsand p are defined by the following ex-
pressions:

p(ro,x'c’) = Z Oy (E,,10)P5(E,,1'0’)
0<En<—X
"Eeuwt—off (5)

+/ dE®y(E,ro)®3(E,1v'0’) ,
Y

p(ro,r'o’) = Z Oy (E,,ro)®; (B, r'd")
0<E,<—=X
Ecutfoff (6)

—I—/ dE®y(E,ro)®;(E,1r'0’) ,
—A
where the sums are over the bound gp states, with engigjes —\, and the
integral is over the gp continuous states, of energi#s> —\.

The particle-hole and pairing interactions in Egs.(3) and (4) are chosen as
density-dependent contact interactions, so that the integro-differential HFB equa-
tions reduce to coupled differential equations. The zero-range character of the
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pairing interaction is the reason why one must fix a cut-off in the energy, as it
can be seen in Egs.(5) and (6).

Here, we consider systems with spherical symmetry. In this case the radial
and angular components of the HFB wave functions can be introduced [3]:

1oy, .
(I)i(Eer) :Ui(njlvr);yljj(rag) y L= 172a (7)
where
™ 1 )
ylj] (Ta U) = lem(e)v (I))Xl/Q(nla)(lmimcrbmj) . (8)

We use for the upper and lower components of the radial wave functions the stan-
dard notationu; (E, r) anduv;; (E,r).

2.2 The Treatment of Quasiparticle Continuum

The asymptotic behaviour of the HFB wave function is determined by the phys-
ical condition that at large distances the nuclear meanTiétd and the pairing

field A(r) vanish. This condition requires an effective interaction of finite range.
Outside the range of mean fields the equationgfd, ro) are decoupled and
one can easily see how the physical solutions must behave at infinity [2]. Thus,
for a negative chemical potential i.e., for a bound system, there are two well
separated regions in the gp spectrum. Between O-anthe gp spectrum is dis-
crete and both upper and lower components of the radial HFB wave function de-
cay exponentially at infinity:

u; (E,r) :Ahl(+)(a1r) ,

(+) ©

o (E,r) =Bhy"(bir) ,
whereh™ are spherical Haenkel functions? = 22 (A +E)andp} = 22 (A —
E). These solutions correspond to the bound gp spectrum.EFor —\ the
spectrum is continuous and the solutions are:

w; (E, 1) =Clcos(01;)ji(car) — sin(d5)ni(air)] ,

v (B,r) =Dih{P (Byr) &

wheren,; are spherical Neumann functions afgis the phase shift correspond-
ing to the angular momentufd;). One can see that the upper component of the
HFB wave function has the standard form of a scattering state.

The asymptotic form of the wave function should be matched with the inner
radial wave function, which for — 0 can be written as follows:

< Zfﬁ%ﬁ; ) :D2< Tlgl ) +D3( ,.1(11 > , (11)
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The HFB wave function is normalized to the Dia€unction of energy. This
condition fixes the constaxit to the value:

1 2m
C_”;h%q . (12)

2.3 Results for Ni Isotopes

We now apply the continuum HFB method to the case of Niisotopes, which have
been investigated extensively both in non-relativistic [5] and relativistic HFB ap-
proximation [21, 22].

In the particle-hole channel we use the Skyrme interaction Sllil, while in the
pairing channel we choose a density-dependent delta interaction:

v
V="V [1—(“”) } , (13)
Po
with the following parameters [5)Vp, = 1128.75, po = 0.134 andy = 1.

As an illustration of continuum effects we show in Figure 1 the occupation
probability of thes1/2 states inf**Ni for gqp energies between) and 5 MeV.

The s1/2 continuum exhibits a resonance behaviour peaked at 1.28 MeV. The
contributions to pairing from this resonant structure is just the manifestation of
the loosely boun@s1/2 state.

Let us briefly discuss the predictions given by different approximations: con-
tinuum HFB, box-discretized HFB, resonant HF-BCS. The HF-BCS approxima-
tion is obtained by neglecting in the HFB equations the non-diagonal matrix el-
ements of the pairing field. This means that in the HF-BCS limit one neglects
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Figure 1. Occupation probability profile in tis& /2 channel for**Ni.
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the pairing correlations induced by the pairs formed in states which are not time-
reversed partners.

The extension of BCS equations for taking into account the continuum cou-
pling was proposed in Refs. [9,10,12]. For the case of a general pairing interac-
tion the BCS equations reads [10]:

A; = Z Vi uivs + Z Viiueym/ gu(€)u, (e)v, (€)de, (14)
j v L
AV = Z Vueyﬂ,j;ujvj

J
+3 Ve e, e / o (€Y (), (€)de!,  (15)
o v L

N = Z DY /1 gC(e)v2(€)de. (16)

Here A, are the gaps for the bound states d@ndare the averaged gaps for the
resonant states. In these equations the interaction matrix elements are calcu-
lated with the scattering wave functions at resonance energies and normalised
inside the volume where the pairing interaction is active. The quagfiisy) =
2l 4o ig the total level density andl, is the phase shift of angular momen-
tum (1,.7,). The factorgt (e) takes into account the variation of the localisation
of scattering states in the energy region of a resonance (i.e., the width effect) and
goes to a delta function in the limit of a very narrow width. For more details see
Ref. [10].

The two-neutron separation energies,:

Son = —B(Z,N) + B(Z,N —2) 17)

calculated in various approximations are shown in Figure 2. One can see that in
HFB and HF-BCS calculations the change of the sign of the two-neutron separa-
tion energies, i.e., the position of the two-neutron dripline, is somewhere between
88Ni and““Ni, with a faster drop in the case of continuum HFB calculations. The
largest differences between HFB and HF calculations appears across the double
magic isotope€8Ni. In this case the pairing energy changes fast when two neu-
trons are removed frorg9,/2 or added t®d5/2. Because the hole state has
larger degeneracy than the particle state, the pairing correlations are stronger in
"6Ni than in8°Ni. This explains the asymmetry seen in the behavious.gfat

the crossing of the doubly magic nuclei#i. The fact that the5,,, value pre-
dicted by HFB for'~78Ni are close to the data extrapolated from lighter isotopes
indicates that the pairing interaction used in the calculations is quite reasonable,
at least for the valence shé\l = 28-50.
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Figure 2. Two-neutron separation energies in HFB, HF-BCS and HF approximations.
For "®Ni and "®Ni the corresponding values extrapolated from experimental data are also
shown.

The pairing correlation energies are estimated by substracting the binding en-
ergies calculated in HFB (or HF-BCS) and HF approach, i.e.,

E, = B(HFB or HF — BCS) — B(HF) . (18)

In Figure 3 we show the pairing correlations energies predicted by HF-BCS
approximation in comparison with the continuum HFB results. One can see that
the HF-BCS results follow closely the exact HFB values up to the drip line. This
shows that for estimating the pairing correlations one needs actually to include
from the whole continuum only a few resonant states which should be treated
with their width.

3 Continuum QRPA

3.1 Derivation of the Generalized Bethe-Salpeter Equation

The coordinate space formalism is naturally adapted to treat properly the cou-
pling to the continuum states. In Ref. [20] the continuum QRPA equations in
coordinate space are obtained as the small amplitude limit of the perturbed time-
dependent HFB equations. The main result is that the two-gp Green function sat-
isfies the generalized Bethe-Salpeter equation :

G =(1-GoV) ' Go=Go+GoVG, (19)

whereGg andV are the unperturbed Green function and the residual gp inter-
action, respectively.
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Figure 3. Pairing correlation energies calculated in resonant HF-BCS approximation com-
pared to continuum HFB.

Let us firstintroduce some notations through the canonical Bogoliubov trans-
formation which relates the particle field operatgisand« to the gp operators
Bt andg:

Ul (xa) = Uk (xo) B + Vi (vo) B (20)
k

whereU;, andV}, are the two components of the HFB wave function of the qp
state with energyy.
Next, we can define 3-by-2 matricés; by:
Ui(ro)Vj(ro)  Uj(ro)V;(ro)
Uij(ro) = Ui(ro)U;(ra) Vi (ro)Vi(ra) (21)
—Vi(ro)Vj(xra) —Uj(ro)U;(ro)

Here, we have used the notatifitxrs)=—20c f (r — o) for time-reversed quanti-
ties.
Then, the unperturbed Green functi@ly can be expressed as:

« _Tﬁl « _Tﬂ2
uijl(ro)uij (r'o") MijQ(rU)uij (r'o’)

Go* (ro, 10" w)= 4 : 22
0"’ (ro,r'o’;w) 2 hw — (Bit+E;)+in | T + (Bvt Ey)+in (22)
whereld;; = U;; — U;; anda, 3 = 1,2,3.
The residual interaction matri¥ is:
9%&
Ve (ro,r'o’) = ,a,3=1,2,3. (23)

= 9p5(r'0")0palro)
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Here, the notatio means that wheneveris 2 or 3 thenx is 3 or 2.

It should be noted that, in the three dimensional sgacg), the first dimen-
sion represents the particle-hole (ph) subspace, the second the particle-particle
(pp) one, and the third the hole-hole (hh) one.

In the case of transitions from the ground state to excited states within the
same nucleus, only the (ph,ph) componen&ab acting. If the residual interac-
tion does not depend on spin variables the strength function is thus given by:

S(w) = —%Im/Fll*(r)GH(r,r/;w)Fn(r/)dr dr’ (24)

In the equations above we have not introduced explicitly the isospin degree
of freedom. This can be done directly on the final equations by doubling the di-
mensions of the matrices in order to distinguish between neutrons and protons.

4 HFB+QRPA Calculations of Oxygen Isotopes

4.1 QRPA Calculations

In the QRPA calculations the residual interaction is derived in principle from
the interaction used in the HFB, i.e., the Skyrme force and the pairing force
(13). The zero-range part of the forces pose no problem. The velocity-dependent
termsof the Skyrme force bring additional complications which can be avoided
by approximating the residual interaction in the (ph,ph) subspace by its Landau-
Migdal limit where the interacting particle and hole have the Fermi momentum
and the transferred momentum is zero. The Skyrme interaction hag enly

and! = 1 Landau parameters. Taking the Landau-Migdal form with dry0

for the (ph,ph) interaction simplifies greatly the numerical task, at the cost of the
loss of some consistency. In this work we calculate only natural parity (non spin-
flip) excitations and we drop the spin-spin part of the (ph,ph) interaction which
plays a minor role. The Coulomb and spin-orbit residual interactions are also
dropped.

The QRPA Green function can be evaluated starting with the unperturbed
Green function given by Eq.(22). The latter is constructed by using the solutions
of the HFB equations, i.e., the gp energies and the corresponding wave functions
U andV. All the gp states are included until an energy cutoff of 50 MeV. The
generalized Bethe-Salpeter equation (19) is solved with a step of 0.5 fm and all
radial integrals are carried out up to 22.5 fm. The strength distribution is calcu-
lated untilw,;,,=50 MeV, with a step of 100 keV and an averaging wigt{150
keV. We discuss here two variants of calculations, the full continuum variant and
a box variant where the gp spectrum is discretized by calculating the HFB solu-
tions with a box boundary condition, the box radius being 22.5 fm 2f0ronly
box calculations have been performed.



N. Van Giai 217

In a fully consistent calculation the spurious center-of-mass state should
come out at zero energy. Because of the Landau-Migdal approximation of the
interaction adopted here the consistency between mean field and residual gp in-
teraction is broken and the spurious state becomes imaginary. We cure this de-
fect by renormalizing the residual interaction by a factorwWe find that in all
cases the spurious stafé = 1~ comes out at zero energy far0.80 . We have
checked that the EWSR are satisfied within 1% to 5%.

4.2 Quadrupole Excitations in Oxygen Isotopes

We calculate quadrupole strength distributions with the operai@rs =

>, 1Yo (7;) (isoscalar) andy, = Y, r2Yao(7;)t.(i) (isovector). All results
presented correspond to the SLy4 interaction [23]. The strength distributions cal-
culated in the neutron-rich oxygen isotopes are displayed in Figure 4.

One can identify a strong low-lying state and the giant quadrupole resonance
(GQR). The low-lying state becomes more isospin-admixed as the neutron ex-
cess increases. In the casetd the strength distribution is similar to that cal-
culated in Ref. [19] with a Woods-Saxon potential for the mean field although
pairing effects are negligible in our calculation whereas theyap Ref. [19] is
sizable. The main difference is the position of the first2ate located at 4.0
MeV here and 5.0 MeV in Ref. [19]. In the other nuclei this low-lying state
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Figure 4. Isoscalar (solid) and isovector (dashed) quadrupole strength functions calculated
in continuum-QRPA for thé®2%:22:24Q isotopes.
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is at lower energies. This is due to the 2 subshell closure id*O. The HF
single-particle energies are given in Table 1. The 2s1/2 state is more bound in
the 220 nucleus, suggesting a stronger subshell closure in this case. The occu-
pation factors of these states calculated in HFB are displayed in Table 2. The
2s1/2 starts to be significantly populatec?f© due to the pairing correlations.

In the 18:2°0 spectra mainly 3 low-lying peaks are present. In the unperturbed
case they correspond to the (1d5/2,1d5/2), (1d5/2,2s1/2) and (1d5/2,1d3/2) two-
gp neutron configurations. Their energies are given in Table 38RO the
configuration (1d5/2,1d3/2) has a very low strength whereas the (1d5/2,1d5/2),
(1d5/2,2s1/2) configurations have similar strength. The effect of the residual in-
teraction, in addition to admix the configurations, is to lower the energy of the
initial (1d5/2,1d5/2) peak and to increase the strength of the low-lying state.

Table 1. Single-particle energies (MeV) of the 1d5/2, 2s1/2 and 1d3/2 states in the
18,20,22,240 pyclei calculated with the HF approximation.

. 180 200 2209 24y
1d5/2 -6.7 -6.9 -7.2 -7.7
2s1/2 -4.0 -4.2 -4.6 -4.9
1d3/2 0.3 0.3 0.2 0.2

Table 2. Occupation factors for the single-gp levels in'th&:22:210 nuclei calculated
with the HFB model.

180 200 220 240
1d5/2 0.31 0.62 0.93 1.
2s1/2 0.03 0.08 0.18 1.
1d3/2 0.01 0.02 0.01 0.

Table 3. Two gp energies (MeV) of the (1d5/2,1d5/2), (1d5/2,251/2), and (1d5/2,1d3/2)
configurations of the unperturbed strength function for'th& 220 nuclei.

180 200 220
(1d5/2,1d5/2) 4.52 4.16 4.60
(1d5/2,251/2) 5.72 4.36 3.35
(1d5/2,1d3/2) 10.39 9.09 2.31

The E2 energy and3(E2) value of the first 2 state are displayed in Table 4.
As noted before, th&2 energy in**O is larger than in other isotopes due to the
2sl1 /2 subshell closure. The2 energy in'®0 is overestimated and that fO
is underestimated as compared to experiment. This shows, as noted previously
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Table 4. Energy, proton contribution to the reduced transition probabilities B(E2), and
ratio of the transition matrix elements/,, /M, for the first 2" state in the'®2:22:21Q
nuclei, calculated with the present model. Measured E2, B(E2) values add,tji¢/,

ratios corresponding to the experimental data are displayed in brackets. a) ref. [24]. b)
ref. [25]. c) ref. [26]. d) ref. [27]. e) ref. [28].

180 200 220 240
E2 (MeV) 3.2 2.3 1.9 4.0
(2.0V) L.7) 3.2
B(E2) (¢*.fm?) 14 22 22 9
(45+29) (28 4+29) (21 +8%)
(My, /My 2.88 3.36 3.53 4.37

(1.104+0.24) (3.25+0.807)

in QRPA calculations with a constant gap ( [28]), that the energy prediction of
the low-lying modes is a delicate task in RPA-type models. BH&2) values

are well reproduced except for the problemdfi® nucleus. This discrepancy
observed for theB(E2) value of 180 is also found in several shell-model cal-
culations [29, 30] and in previous QRPA calculations [28], implying a possible
structural anomaly in®0. Additional investigations in this nucleus are called
for. In the case of%220 nuclei, the calculated3(E?2) are in good agreement
with the experimental data. The(E2) in 240 is predicted smaller than those
of lighter isotopes, which supports the, 28 subshell closure effect. The calcu-
lated M,/M,, ratios indicate that the neutron are more coherently contributing to
the excitation when their number is increasing. For example thé/M\ ratio for

240 is more than twice the N/Z value, indicating a very strong neutron contribu-
tion to the excitation. The calculated,¥M,, ratio is correctly reproducing that

of 290 deduced from proton scattering experiments. In the case of the experi-
mental)M,, /M, is not well reproduced. This is linked to the fact that BeE'2)
value is not well described by the model.

The pairing effects are depicted in Figure 5 where the continuum QRPA cal-
culation is compared to a HF+RPA calculation for #3® nucleus. The effect of
pairing is to shift to higher energy the low-lying peak, and to split the secdond 2
state into two states with smaller strength. There is also some effect in the GQR
region.

Box discretization calculations have also been performed in order to test the
box boundary condition approximation. The results are shown in Figure 6 for
220. One can see that only the low-lying state is nearly insensitive whereas the
structure of the GQR is more affected by the way the continuum is treated. This
shows the necessity of the exact continuum treatment in order to study the giant
resonances in neutron-rich oxygen isotopes.
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100 [

Figure 5. Isoscalar strength function calculated in continuum-QRPA (solid) and HF+RPA
(dashed) with box boundary conditions for tH®© nucleus.

100

Figure 6. Isoscalar strength function calculated in continuum-QRPA (solid) and with a
box discretization (dashed) for ti&0 nucleus.

The sensitivity of results with respect to the various Skyrme interactions has
been studied. There is no drastic effect coming from the force. The Slil interac-
tion shifts some low-lying states to higher energy and increases the strength of
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the state located around 5 MeV. All three interactions produce a splitting of the
GQR but the SGII force predicts more strength in the lower component of the
giant resonance.

5 Conclusions

In the first part of this paper we have discussed how one can actually solve the
HFB equations with proper boundary conditions for the continuous spectrum and
we have illustrated the method with applications to neutron-rich Ni isotopes. We
have also analyzed how the exact HFB solutions compare to the resonant con-
tinuum HF-BCS approximation. It is shown that the resonant HF-BCS calcula-
tions that include the first low-lying resonances provide a very good description
of pairing correlation energies up to the drip line.

In the second part we have studied the solution of the Bethe-Salpeter equa-
tion for the QRPA. Deriving the QRPA as the small amplitude limit of the per-
turbed time-dependent HFB equations ensures the self-consistency at the concep-
tual level between the mean field, the pairing field and the qp residual interaction.
The QRPA Green function is decomposed into the ph, pp and hh channels. The
supermatrix representing the residual interaction is determined self-consistently
from the Skyrme and the pairing interactions used in the HFB calculations. As an
application we have studied the quadrupole excitations of the neutron-rich oxy-
gen isotopes using Skyrme-type interactions for the mean field and a zero-range,
density-dependent interaction for the pairing field. In the numerical study we
have approximated the ph residual interaction coming from the Skyrme force by
its Landau limit.

The coupling to the continuum appears to have a sizable effect on the GQR
and a minor effect on the low-lying states. This shows the importance of the full
continuum treatment in order to study giant resonances in neutron-rich nuclei.
The low-lying states are sensitive to the pairing interaction. The firsttate of
80 is not well described, as previously noted with other models such as shell-
model calculations. Additional investigations on this nucleus are called for. The
continuum QRPA shows its ability to reproduce the experimental data of the first
27" state for heavier oxygen isotopes., and it predicts a lowering oB{e2)
value for the’*O nucleus. A future improvement of the model will be to include
fully the velocity-dependent terms of the Skyrme interaction in the ph channel.
Work along these lines is in progress.
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