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Abstract. We report on a study of neutron-rich even-mass Te isotopes in terms of the shell
model employing a realistic effective interaction derived from the CD-Bonn nucleon-nucleon
potential. The strong short-range repulsion of the latter is renormalized by constructing a
smooth low-momentum potential, Vlow−k, that is used directly as input for the calculation of
the effective interaction. In this paper, after a brief review of the theoretical framework, we
present our results. Comparison shows that they are in very good agreement with the available
experimental data.

1 Introduction

During the past several years, shell-model calculations employing realistic effective
interactions derived from modern nucleon-nucleon (NN ) potentials have given an
accurate description of the spectroscopic properties of a number of nuclei around
closed shells. A main difficulty encountered in this kind of calculations is the strong
short-range repulsion contained in the bare NN potential VNN , which prevents its
direct use in the derivation of the shell-model effective interaction Veff . As is well
known, the traditional way to overcome this difficulty is the Brueckner G-matrix
method.

Recently, a new approach has been proposed [1, 2] which consists in deriv-
ing from VNN a renormalized low-momentum potential, Vlow−k, that preserves the
physics of the original potential up to a certain cutoff momentumΛ. This is a smooth
potential which can be used directly to derive Veff . We have shown [2–4] that this
approach provides an advantageous alternative to the use of the G matrix.

The main aim of this paper is to give a brief survey of the Vlow−k approach and
its practical application in realistic shell-model calculations. Below we first give an
outline of the derivation of Vlow−k and Veff . We then report on some results of our
current study of nuclei around doubly magic 132Sn, focusing attention on even-mass
Te isotopes. The final Section provides a brief summary.

2 Theoretical Framework

The shell-model effective interaction Veff is defined, as usual, in the following way.
In principle, one should solve a nuclear many-body Schrödinger equation of the
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form
HΨi = EiΨi, (1)

with H = T+VNN , where T denotes the kinetic energy. This full-space many-body
problem is reduced to a smaller model-space problem of the form

PHeffPΨi = P (H0 + Veff)PΨi = EiPΨi. (2)

Here H0 = T + U is the unperturbed Hamiltonian, U being an auxiliary potential
introduced to define a convenient single-particle basis, and P denotes the projection
operator onto the chosen model space.

As pointed out in the Introduction, we “smooth out” the strong repulsive core
contained in the bare NN potential VNN by constructing a low-momentum poten-
tial Vlow−k. This is achieved by integrating out the high-momentum modes of VNN
down to a cutoff momentum Λ. This integration is carried out with the requirement
that the deuteron binding energy and phase shifts of VNN up to Λ are preserved by
Vlow−k. This requirement may be satisfied by the following T -matrix equivalence
approach. We start from the half-on-shell T matrix for VNN

T (k′, k, k2) = VNN (k′, k) + ℘

∫ ∞

0

q2dqVNN (k′, q)
1

k2 − q2
T (q, k, k2) , (3)

where ℘ denotes the principal value and k, k′, and q stand for the relative momenta.
The effective low-momentum T matrix is then defined by

Tlow−k(p′, p, p2) = Vlow−k(p′, p)

+ ℘

∫ Λ

0

q2dqVlow−k(p′, q)
1

p2 − q2
Tlow−k(q, p, p2) , (4)

where the intermediate state momentum q is integrated from 0 to the momentum
cutoff Λ and (p′, p) ≤ Λ. The above T matrices are required to satisfy the condition

T (p′, p, p2) = Tlow−k(p′, p, p2) ; (p′, p) ≤ Λ . (5)

The above equations define the effective low-momentum interactionVlow−k, and
it has been shown [2] that they are satisfied by the solution:

Vlow−k = Q̂− Q̂′
∫
Q̂+ Q̂′

∫
Q̂

∫
Q̂− Q̂′

∫
Q̂

∫
Q̂

∫
Q̂+ ... , (6)

which is the well known Kuo-Lee-Ratcliff (KLR) folded-diagram expansion [5, 6],
originally designed for constructing shell-model effective interactions. In the above
equation Q̂ is an irreducible vertex function whose intermediate states are all beyond
Λ and Q̂′ is obtained by removing from Q̂ its terms first order in the interaction
VNN . In addition to the preservation of the half-on-shell T matrix, which implies
preservation of the phase shifts, this Vlow−k preserves the deuteron binding energy,
since eigenvalues are preserved by the KLR effective interaction. For any value
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of Λ, the low-momentum effective interaction of equation (6) can be calculated
very accurately using iteration methods. Our calculation of Vlow−k is performed
by employing the iterative implementation of the Lee-Suzuki method [7] proposed
in [8].

The Vlow−k given by the T -matrix equivalence approach mentioned above is not
Hermitian. Therefore, an additional transformation is needed to make it Hermitian.
To this end, we resort to the Hermitization procedure suggested in [8], which makes
use of the Cholesky decomposition of symmetric positive definite matrices.

Once the Vlow−k is obtained, we use it, plus the Coulomb force for protons, as in-
put interaction for the calculation of the matrix elements of Veff . The latter is derived
by employing a folded-diagram method, which was previously applied to many nu-
clei [9] using G-matrix interactions. Since Vlow−k is already a smooth potential, it
is no longer necessary to calculate the G matrix. We therefore perform shell-model
calculations following the same procedure as described, for instance, in [10, 11],
except that the G matrix used there is replaced by Vlow−k. More precisely, we first
calculate the so-called Q̂-box [12] including diagrams up to second order in the two-
body interaction. The shell-model effective interaction is then obtained by summing
up the Q̂-box folded-diagram series using the Lee-Suzuki iteration method [7].

Clearly, the starting point of any realistic shell-model calculation is the freeNN
potential. There are, however, several high-quality potentials, such as Nijmegen I
and Nijmegen II [13], Argonne V18 [14], and CD-Bonn [15], which fit equally well
(χ2/datum ≈ 1) the NN scattering data up to the inelastic threshold. This means
that their on-shell properties are essentially identical, namely they are phase-shift
equivalent.

In our shell-model calculations we have derived the effective interaction from
the CD-Bonn potential. This may raise the question of how much our results may
depend on this choice of the NN potential. We have verified that shell-model ef-
fective interactions derived from phase-shift equivalent NN potentials through the
Vlow−k approach do not lead to significantly different results. Here, by way of il-
lustration, we present the results obtained for the nucleus 134Te. This nucleus has
only two valence protons and thus offers the opportunity to test directly the matrix
elements of the various effective interactions. In Figure 1 we show, together with
the experimental spectrum, the spectra obtained by using the CD-Bonn, NijmII, and
Argonne V18 potentials, all renormalized through the Vlow−k procedure with a cut-
off momentum Λ = 2.2 fm−1. This value of Λ is in accord with the criterion given
in [2]. From Figure 1 we see that the calculated spectra are very similar, the dif-
ferences between the level energies not exceeding 80 keV. It is also seen that the
agreement with experiment is very good for all the three potentials.

3 Calculations and Results

We now present the results of our study of the even-mass Te isotopes 132Te, 134Te,
and 136Te . The calculations have been performed using the OXBASH shell-model
code [16].
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Figure 1. Spectrum of 134Te. Predictions by various NN potentials are compared with ex-
periment.

We consider 132Sn as a closed core and let the valence protons and neutron
holes occupy the five levels 0g7/2, 1d5/2, 1d3/2, 2s1/2, and 0h11/2 of the 50-82
shell, while for the valence neutrons in 136Te the model space includes the six levels
0h9/2, 1f7/2, 1f5/2, 2p3/2, 2p1/2, and 0i13/2 of the 82-126 shell.

As mentioned in the previous Section, the two-body matrix elements of the
effective interaction are derived from the CD-Bonn NN potential renormalized
through the Vlow−k procedure with a cutoff momentum Λ = 2.2 fm−1. The com-
putation of the diagrams included in the Q̂-box is performed within the harmonic-
oscillator basis using intermediate states composed of all possible hole states and
particle states restricted to the five shells above the Fermi surface. The oscillator
parameter used is �ω = 7.88 MeV.

As regards the single-particle and single-hole energies, we have taken them from
the experimental spectra of 133Sb, 133Sn, and 131Sn [19]. In the spectra of the two
former nuclei, however, some single-particle levels are still missing. More precisely,
this is the case of the proton 2s1/2 and neutron 0i13/2 levels, whose energies have
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Figure 2. Experimental and calculated spectrum of 132Te.

been taken from [17] and [18], respectively, where it is discussed how they are
determined. As regards the energy of the h11/2 neutron hole state in 131Sn, we
have adopted the value of 0.100 MeV, which is in accord with the findings of [20]
and [21]. This is somewhat smaller than that reported in [19].

In Figure 2 we compare the experimental and calculated spectrum of 132Te.
We see that while the theory reproduces all the observed levels, it also predicts the
existence of two 0+ states around 2 MeV excitation energy.

As regards the two-proton nucleus 134Te, the spectrum obtained by using the
CD-Bonn potential has already been shown in Figure 1, where we see that it is in
good agreement with the experimental one. Note that also in this case the theory
predicts, around 2.5 MeV excitation energy, a 0+ state that has not been observed
so far.

Let us now come to the two-proton, two-neutron nucleus 136Te. From Figure 3
we see that also in this case the calculated spectrum reproduces nicely the experi-
mental one.

Recently [22], theB(E2; 0+ → 2+
1 ) values in 132,134,136Te have been measured

using Coulomb excitation of neutron-rich radioactive ion beams. We have calcu-
lated these B(E2)’s with an effective proton charge of 1.55e, according to our early
study [17] of 134Te. As for the effective neutron and neutron-hole charges, we have
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Figure 3. Experimental and calculated spectrum of 136Te.

taken the values 0.70e and 0.78e, respectively, which have been adopted in our re-
cent studies [18] and [23]. The experimental [22] and theoretical B(E2; 0+ → 2+

1 )
values are reported in Table 1, where we also compare our predictions with the other
measured [19] E2 transition rates.

We see that our results are in very good agreement with the experimental val-
ues. In this connection, we should mention that a new measurement [24] of the
B(E2; 0+ → 2+

1 ) in 136Te yields a value which is 50% higher than that reported in
Table 1, in excellent agreement with our prediction.

Table 1. Experimental and calculated B(E2) values (Wu) in 132−136Te.

nucleus Ii → If Calc. Expt.
132Te 0+ → 2+ 38 43 ± 4

6+ → 4+ 2.9 3.3 ± 0.2
134Te 0+ → 2+ 20 24 ± 3

4+ → 2+ 4.3 4.3 ± 0.4
6+ → 4+ 1.9 2.05 ± 0.04

136Te 0+ → 2+ 44 25 ± 4
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4 Summary

We have presented here the results of a shell-model study of nuclei in the close
vicinity to 132Sn, focusing attention on the even-mass Te isotopes. The two-body
effective interaction has been derived by means of a Q̂-box folded-diagram method
from the CD-Bonn NN potential renormalized by use of the Vlow−k approach. In
this regard, we should emphasize that the Vlow−k’s extracted from various modern
NN potentials give very similar results in shell-model calculations, suggesting the
realization of a nearly unique low-momentum NN potential. We have shown that
our results are all in very good agreement with experiment. In particular, our cal-
culations reproduce quite accurately the B(E2; 0+ → 2+

1 ) values that have been
recently measured through Coulomb excitation of radioactive ion beams.
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