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Abstract. A nuclear Hamiltonian with high order terms in the collective angular momentum
operators is constructed by applying the method of contact transformations to a Hamiltonian
including intrinsic particle motion and Coriolis interaction. In the space of intrinsic variables
the coefficients of the transformed Hamiltonian appear as matrix elements depending on the
intrinsic angular momentum. Their transformation properties under the time reversal assure
the time-reversal invariance of the Hamiltonian in the collective space. The structure of the
intrinsic matrix elements give an insight into the nature of these coefficients and justifies their
appearance in various phenomenological collective Hamiltonians.

1 Introduction

The appearance of a high order angular momentum dependence in the rotation spec-
tra of atomic nuclei is associated with the interaction between nuclear collective and
intrinsic degrees of freedom [1]. The problem of the intrinsic origin of nuclear col-
lective motion is a difficult one, and although extensive efforts to clarify it starting
from “first principles” or from the more intuitive “geometric” aspect have been ap-
plied over the years, the obtained results suggest an unambiguous explanation of
nuclear collective properties only in some particular cases [2—4].

In the simplest case of an axial symmetric nucleus with zero value K = 0
of the third projection of the collective angular momentum I, the leading order
of the rotation Hamiltonian is Iffml = ﬁo(f 12 + Ig), where ﬁo depends on intrinsic
variables [1]. The expectation values of H,o are given by the well known expression
Eyox = R2I(I 4+ 1)/2J, with the moment of inertia given by J = (h?/2)(K =
0|ho|K = 0)~1.

In the general case of more complicated nuclear shape deformations including
reflection asymmetry, triaxiality as well as deformations of larger multipolarity (oc-
tupole, hexadecapole, and so on) the high order angular momentum dependence of
the total rotation Hamiltonian is not well studied. It has been shown that some basic
properties of the rotating complex deformed system can be outlined by considering
a generalized Hamiltonian of the form [5]
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HI = hO + Z haja + Z haﬂjajﬁ + Z haﬂ'yjajﬁf'y +-, (1)
« a,B a,B,y

which is an infinite power series in the angular momentum components I, (a =
x,y, z) in the body fixed frame. The coefficients in (1) are supposed to depend on
the intrinsic structure of the system. In principal they could be determined micro-
scopically, for instance in the generalized density-matrix approach [6, 7]. However,
this is a difficult task not yet solved in a way allowing a practical application. A
simplification can be achieved if the vibration and rotation motion of the system are
considered fully adiabatically separated. Then the Coriolis effects are absent from
the rotational bands. In such a case the odd powers in the Hamiltonian (1) are ex-
cluded, ho = hagy = --- = 0, and thus only the centrifugal distortion effects are
taken into account [5]. However, this is quite a simplified situation, especially, as
regards to rotational spectra of complex deformed nuclei. From a geometric point
of view the combinations of operators appearing in the various terms of (1) can
be determined by using an appropriate point symmetry group (PSG) under certain
assumptions for the shape characteristics of the system [5, 8]. In such a way some
physically important properties of the system corresponding to complex shape de-
formations can be extracted from the expansion (1).

The purpose of the present work is to address the above problem by showing
that a rotation Hamiltonian similar to (1) can be obtained in a diagonal form after
applying the method of contact transformations [10, 11] to a Hamiltonian including
intrinsic particle motion and Coriolis interaction. The coefficients of the transformed
Hamiltonian are explicitly derived for the terms up to the third-power products of
12 and I in the form of operators depending on the intrinsic angular momentum.
After acting in the space of intrinsic variables these coefficients appear as intrinsic
matrix elements. Their symmetry properties under the time reversal (7)) operation
provide the time-reversal invariance of the Hamiltonian in the collective space.

Various phenomenological collective models are developed by using Hamilto-
nians in the form of (1), where the coefficients are considered as fitting parame-
ters [8,9, 13]. Below it will be shown that the contact transformation approach re-
veals the physical meaning of these coefficients, as well as their dependence on the
intrinsic structure of the system.

2 Derivation of a High Order Rotation Hamiltonian

Consider the Hamiltonian
IA{: [f[p‘i'f{rol"'[:[ca (2)

where H,, describes the intrinsic motion of particles or quasiparticles in a mean
field, H,,; is a pure rotation term
h? .

[:[roz_l2
=715 3)
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and H, ¢ 1s the Coriolis interaction
N h2 .. S
H. = —ﬁ(HI— +J-14), “4)

where I = I, + zfy, while j’i = jz + zj'y are the spherical components of the total
intrinsic particle angular momentum j

The part of the Hamiltonian (2) containing the intrinsic and the Coriolis interac-
tion i = (H, + H.) is not diagonal in the space of collective rotations |7, I,). It can
be, however, diagonalized by applying an unitary contact transformation [1, 10, 11]
providing higher order angular momentum terms in the rotation part of the Hamil-
tonian. Below the prescription given in [12] is applied.

Consider the transformed operator

W = exp(T)hexp(—T), 5)

where the antihermitian operator T is defined in the form of an expansion T =
>, T in which n = 1,2,3,... stands for the powers in which the raising and

lowering components I of the total angular momentum appear in the respective
members 7}, of the expansion. The different operators T, with n = 1,2,3,... are
determined step by step (as it will be shown below), so as to keep only the diagonal
terms of the transformed Hamiltonian &’. To obtain the expansion up to some fixed
degree ny of the angular momentum components one has to expand the right hand
side of Eq. (5) by using the formula

eBe ™ = B4 [A,B] + %[A, [A,B]] + ... + L [A,[A,....,[A,B..]] + ..

k!

k brackets

and keeping only the terms up to the order ny in I,. Thus up to the fourth order
(ny =4) one has

W = H,+ H, + 11, Hy) +
+ [Ty, Hy) + [T1, He] + %m, [Ty, Hyl) +
+ By, By + (B, B+ 5[0, [0, Bl +
+ 300 By B0+ 3 (0, (i, B+ S0, (0, [, L)+
4By, Byl + (B, B+ 5[0 [T, Bl +
+ 30 [Ty B+ 5 (0, (T3, )+
gl o, L)+ 5[, [Ty, B+ g1, [0, 17y, )+
+ 503 0y, B, )+ Gl o [, 0]+

1. - . 1
+ E[Tz, [T, [T1, Hp]]] + ﬂ[TI’ [Ty, [T4, [Ty, Hp]]]. (6)
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As a first step, the operator Ty is determined by the relation

[Tlv [A{P] = _[A{C
h2

ﬁ(ﬁj— +j-Iy), (7

which eliminates the first order contribution of the nondiagonal Coriolis term H.in
Eq. (6). This relation suggests that 7 can be taken in the form

Ty = (e(1-—¢& 1), 3)

where the operators €. are functions of the intrinsic degrees of freedom and satisfy
the commutation relations

X B2 .
[éx, Hp] = iﬁji- )

(We remark that the expression (8) is used in [1].)
In the second step, the operator 75 is determined so as to eliminate the nondiag-
onal contribution of the second order operator [T, H.], namely

. 1 . .
(T2, Hy] = =5 [T1, Helna, (10)

where ‘nd’ means ‘nondiagonal part’. The operator [Tl7 f]c]nd can be obtained ex-
plicitly as a linear combination of the second order operators /3. It allows one to

suppose, by analogy to 71, the form of the operator Ty as a function of I 2
Ty =012 +6_12. (11)

As a consequence of Eq. (10), the operators 4+ are determined by the commutation
relations

o . h? N
H, = —[éx, 74]. 12
[5ﬂ:7 P] 2j [6:|:7 .]:t] ( )
Similarly to the previous two steps the operator Ty is determined by
A 1., = 1o~ s o 1.~ s -
(1) = = (T, )= S [0 Al + IR A]) 3
nd

so as to eliminate the third order non-diagonal terms. As a result it can be presented
in the form

+ OA--(i-l){jza j—} - 6-(—1){j27 j—'r} +
+408 -398 +
+ AW - 12, 1y - 4R - 12, 1L, (14)

Ty =601 —690, +
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Af)’(l)and

where the intrinsic operators &
relations

&io)’(l) are determined by the commutation

. - h? 1. - 1. . 1., .
60, f =~ (48 0e1 % grler i1 £ Hlewn)) 9

27 24
N I o A % SN SN () N g
60, ) =~ (<3 ee} - len i) 5 s (16)
(0 % AV
['Vz(l:O)? Hp] = _ﬁ (_[5i7]i] - E[EiﬂT:(I:O)]) (an
N h2 1.+ - 1 1
~(1 3 N ~(0 N N
50, i) =~ (¥4 e el £ 501 - Glesl) . a®)
with A R R A
T ={ér, -+ {6-,0+} 7o =[é4,5-] —[6—, J4] (19)
and
S S T S G I N TN (20)

In the above the curly brackets mean anticommutation ({4, B} = AB + BA).
Finally, the operator T is determined through the commutation relation

A o 1.~ 4 1. - PPN 1 . A oA
[Ty, Hy) = —§[T3, Hlna — g[Th (T>, Hellna — g[Tz, [T1, He]]na

1. . . . 1 ~ . .
+ Z[Th [T, Helndlnd + Z[TQ’ [T, Helnd]na
1 .~ ~ . . 1. ~ & .
- g[Th [T1, [T, Helnalnalna + E[Tla [T, [Th, Hellnalna
1 .~ ~ . 1 .~ ~ . .
+ E[Th [T1, [Th, Helnallna — g[Th [T1,[Th, He])lna (21

so as to eliminate all remaining (fourth order) nondiagonal terms in Eq. (6). As a
result, the transformed Hamiltonian appears in the form

A N 1 .~ 4 1 .~ 4 1.~ 4

W = Hp+ §[T1» H]a + 5[T2’ H.la+ 5[T3, Hla
NP 1 . . . 1 .

[Th,[Th, H.la + g[Tb [T5, Hclla + g[Tz» [T1, Hclla

— LT [T, Adadla — 1170, [T, Adadls — 1175, [T, Alul
4 2B, [P0 171, Bluladls — 170, [, [, Bl

— P [Py, Blala + (T3, 171, (T3, 22)
where ‘d” means ‘diagonal part’.

Then, after using the explicit dependence of the operators Ty, T5 and T on the
powers of the operators /1 and I, [Eqs (8), (11) and (14), respectively] with all
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related commutation relations, the transformed Hamiltonian 2/ can be written up to
the third order as

B = exp(T)hexp(=T) = Hy+i1 L +1o 1241y (12— 12)+14 (12 —13)I,+... (23)

The coefficients in the expansion (23) depend on the total intrinsic angular-
momentum operators J+ and on operators defined recurswely through commutation
relations with H The operator-coefficients t1, to, t2 and t’ have been derived in
the following exphclt form

jj( (Eei} 416530~ (o5} + 16,3

<{~y Ly W e + (6,50 - 180,54
({6 ) — (6, 7O + (84,621 + 22, 6)

th =

1 o o . o
" @“fwi”l e A0 + (e} + {2, 07y

1, . A s
- ey - e dy) 24

2 ~
tz——gh—(%{a“) it + (et ,J+}>——<[6+x£01 -, 7))

= 55— e 80 + (2437 - (2,60

#4462 4 (e, 7 D) + 2,20

+ 25851 - (Y54 25)
2 ~

=57 (<r G- e 3D + 56,71 - 40

— (e 5D) — e 8PN + e 0] - e, &)
(e 4 [ 8] - (e 7 D) + {740

- (-1 6,54 - M%y] 50540

- (o, j-r + {60 s D) (26)
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2
By = =g (200051~ 6,54 - 266003} + 525D
— SUBLO + (570) — (64 6P+ e, 5]

e B0+ (e 80N - (7 - e, 7))

Y
b (e} - (e 7)) @)

with
00 =[bx.js), 00 =Drdsl, 0P = {0, ix) (28)
el = {ey, 7Y, &Y =y, 7). (29)

3 Properties of the Hamiltonian in the Collective Space

The above derived high order expansion (23) allows one to discuss the properties of
a more general non-diagonal Hamiltonian, given in the form

ﬁt,] = tAO + Zfafa + Zfaﬁjajﬁ + Z faﬁyfafgj,y
@ a.p B,y
+ Z faﬁwéfafﬂf'yjé +--- . (30)
a,3,7,0

This Hamiltonian is an analogue of (1), but similarly to (23) the coefficients fg €=
a, a3, a3y, ...) in the different angular momentum powers [ [, I, (k= a, 3,7, ...)
represent operators acting in the space of intrinsic variables. The Hamiltonian (1)
can be obtained through the action of (30) in the intrinsic space as follows. Consider
that the total wave function of the nucleus can be taken in the form

U~ [T TK M), 31)

where | K M) is the standard collective part (M is the third projection of I in the
laboratory frame) and |7{2) is the intrinsic part characterized by the third projec-
tion {2 of the intrinsic angular momentumj' in the body fixed frame (7 stands for
other intrinsic quantum numbers). In the strong coupling limit {2 and K are related
and moreover in the well deformed axially symmetric nuclei one has K = 2 [2].
Here, however, no explicit relation between K and (2 is imposed, keeping the va-
lidity of the consideration for the cases of non-axial deformations and of a weak
coupling between the intrinsic and collective degrees of freedom. Hence one can as-
sume that the intrinsic operator-coefficients fg in (30) act only in the intrinsic space
|742), while the angular momentum powers [ ], I, act only in the collective space



212 P. Yotov, N. Minkov, R. V. Jolos, and W. Scheid

|I K M). Then by taking the expectation value of the total Hamiltonian ﬁt, rina
given intrinsic state |7(2) one obtains a collective Hamiltonian of the form (1)

ﬁcoll = <TQO|F[t,I|TQO> = hO + Z haja + Z haﬂjafﬁ
a o,
+ Z haﬁ,yfajgfy + Z hagnygfafﬁﬁyfg + - (32)
a,B,y a,B,7,0

where

ho = <TQO|£0|TQO>, ha = <T90|EQ|TQQ>,
hap = (TltaplT020), hapy = (T20|tapy|T520),
hagys = (T820|taps1T20) (33)

represent intrinsic matrix elements. In principal the matrix elements (33) can be
calculated, if the explicit form of the operators fg & = a,afB, a0y, ...) is given, as
in the particular case of Egs. (24)—(27). A simple example up to the second order is
given in [12]. By considering {2y = K and having in mind Eq. (22) of [12] one has

(K|j | K —1)? n (K +1]|j4|K)?
Kk — Er_1 Exi1 — Ex
(Klji|K —1)2 (K +1|j(|K)?

Kl K) ~ - ; (35)
(Kt |E) Ex —Erx_1 Erxi1 — Ex

(Kt|K) ~

(34)

where E is the intrinsic particle energy.

Here, the following comments on the odd angular momentum powers appear-
ing in the transformed Hamiltonian (23) as well as in the more general collective
Hamiltonian (32) should take place. It is obvious that terms as fz, I Z3 and [ 2fz en-
tering (23), are not invariant under the time reversal transformation. On the other
hand, since the initial Hamiltonian (2) is a time reversal invariant and the con-
tact transformation does not affect the time reversal symmetry, one should expect
that the transformed Hamiltonian is also an invariant. Indeed, by using the explicit
expressions (24) and (27), it can be verified that the respective intrinsic operator-
coefficients ¢; and fg in (23) are not invariant under the time reversal. Thus it ap-
pears that the corresponding terms in the expansion (23)represent products of two
(intrinsic and collective) non-invariant (time-odd) operators under the time reversal.
Since the product of two time-odd operators is a time-even operator, it is proved that
the transformed Hamiltonian is a time reversal invariant. In the case of even angular
momentum powers one has products of two time-even operators which also assure
the time reversal invariance of the Hamiltonian.

In a similar way the time reversal invariance of the Hamiltonian (32) is provided
by the transformation properties of the coefficients he which represent intrinsic ma-
trix elements. One deduces that the matrix elements corresponding to the odd an-
gular momentum powers change in sign under the time reversal and together with
the simultaneous change in the sign of the collective time-odd operators assure the
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invariance of the collective Hamiltonian. Thus, for the odd powers in (32) one has
the sign inversion property

ho - —ha  hagy —— —hap,. (36)

The matrix elements in the even angular momentum powers do not change in sign.

Since the operators fg are hermitian, the coefficients h¢ obtain real values.
Therefore, the collective Hamiltonian of the form (32) is both, hermitian and time
reversal invariant. One should, however, keep in mind that the coefficients h¢ are not
simply numbers, but matrix elements of intrinsic operators. Therefore, their values,
although being real numbers, can appear with changed signs, as in (36), after the
time reversal operation is applied. This can be easily illustrated for the terms #; I
and {51 2in Eq. (23) by using Egs. (34) and (35). Since the intrinsic particle Hamilto-
nian is a time reversal invariant, one has for the single particle energy EFx = E_g.
Then, it is clear that under time reversal operation, with K N — K, the matrix
element (K |t1|K), Eq. (34), changes in sign (time-odd), while the matrix element
(K|t2|K), Eq. (35) does not change (time-even). These properties together with the
symmetries of the operators I. (time-odd) and 2 (time-even) provide the time re-
versal invariance of the considered Hamiltonian terms. Since after being calculated
the intrinsic matrix elements Eqs. (34) and (35) give real numbers and the operator
I - 1s hermitian, the respective collective Hamitonian terms are also hermitian.

4 Concluding Remarks

The contact transformation formalism developed in the present work allows the
derivation of high order angular momentum terms in the nuclear rotation Hamil-
tonian by taking into account the interplay between collective and intrinsic degrees
of freedom. It is shown that the intrinsic (microscopic) origin of the coefficients in
the different angular momentum powers provides the correct transformation prop-
erties of the Hamiltonian under time reversal and imposes specific sign inversion
rules when the consideration is restricted to the collective space. On this basis the
following main goals are achieved in the present work:

i) The method of contact transformations can be of essential use in the subject
of collective nuclear structure.

ii) It is shown that Hamiltonian terms containing odd powers of the collective
angular momentum operators can play an important role in nuclear dynamics after
taking appropriately into account the presence of intrinsic degrees of freedom.

iii) It is suggested that collective models based on expansions in the powers of
the angular momentum can be justified on a deeper microscopic level by connecting
the expansion coefficients to the matrix elements of operators acting in the space of
intrinsic nuclear variables.

Based on the Coriolis-type interaction between intrinsic and collective modes
the presented formalism allows us to gain an insight into the origin of some ba-
sic properties of nuclear dynamics. From the intrinsic point of view the various
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degrees of freedom are incorporated in the intrinsic matrix elements, which carry
information about the ability of the microscopic structure to “support” a given ro-
tation mode. From the collective point of view different high order products of an-
gular momentum components give respective input in the rotation properties of the
system. From the fundamental-invariance point of view the collective and intrin-
sic parts of the Hamiltonian terms are strictly determined so as to ensure the time
reversal invariance of the total Hamiltonian.

In conclusion, the construction of the nuclear rotation Hamiltonian including
high order angular momentum terms with microscopically determined coefficients
suggests a theoretical tool in the study of the intrinsic origin of nuclear collective
motion.
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