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Abstract. A microscopic optical model analysis of the 11Li+p elastic scattering
data at incident energies of 62, 68.4, and 75 MeV/nucleon has been performed
utilizing the microscopic optical potentials derived by a single-folding proce-
dure and also by using those inherent in the high-energy approximation. The
calculated optical potentials are based on the microscopically calculated neu-
tron and proton density distributions within the large-scale shell model for 11Li.
The depths of the real and imaginary parts of the microscopic optical potentials
are considered as fitting parameters in relation to the behavior of the volume
integrals as functions of the incident energy. The role of the spin-orbit potential
is studied and estimations of the total cross sections are made.

1 Introduction

Recent experiments with radioactive ion beams have opened a new era in nuclear
physics by providing the possibility to study nuclei far from stability. In partic-
ular, the availability of these beams favoured the discovery of halo nuclei [1].
An example is the neutron halo in the nucleus 11Li, revealed as a consequence
of its very large interaction radius, deduced from the measured interaction cross
sections of 11Li with various target nuclei [2]. The halo of the nucleus extends
its matter distribution to a large radius. Thus, the two valence neutrons in 11Li,
which form the halo, are extended well beyond the 9Li core, and the two-neutron
separation energy is extremely small (0.247 MeV).

The experiments that give evidences of the existence of a halo in 11Li are
related not only to measurements of the total reaction cross section for 11Li
projectiles but also the momentum distributions of the 9Li or neutron fragments
following the breakup of 11Li at high energies. For instance, the observation
in [3] of a narrow peak in the transverse momentum distribution of 9Li nucleus
produced in the fragmentation of 11Li on a 12C target has been interpreted as an
evidence for the existence of a weakly bound two-neutron halo that extends out
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to distances of 7 fm or more, compared with the 2.5 fm radius of the 9Li “core”
(see also [4]). The neutron halo interpretation has been supported by a number
of different theoretical considerations (e.g. [5,6]) of the ground state of 11Li with
calculations of the density and breakup distributions (as being discussed in [7]).

Direct reactions with radioactive nuclear beams analyzed in inverse kine-
matics make it possible to investigate the halo around the core of radioactive
nuclei, studying the differential and reaction cross sections of proton and ion
elastic scattering of exotic nuclei (for more information see, e.g. the review in
Ref. [8]). In the case of 11Li+p elastic scattering, the cross sections were mea-
sured at three incident energies, 62 [9], 68.4 [10], and 75 MeV/nucleon [11].

Various phenomenological and microscopic methods have been applied to
the analyses of the experimental data. Among the theoretical methods we would
like to mention the microscopic analysis using the coordinate-space g-matrix
folding method (e.g. Ref. [12]), as well as works where the real part of the op-
tical potential (OP) is microscopically calculated (e.g. Ref. [13]) using effective
nucleon-nucleon (NN) interactions within a folding approach (e.g. [14, 15]).

In Ref. [16] the 11Li+p elastic scattering cross sections at the three incident
energies were analyzed using single-folding procedure to calculate the real OP
with two different types of effective NN forces. In calculations the authors take
into account only the direct part of the latter but not the exchange one. Four
different density distributions have been used in the calculations. The volume
imaginary part of the potential was taken either in a phenomenological Woods-
Saxon (WS) form or by the folded potential. Phenomenological forms of the
spin-orbit and surface imaginary part of the OP have been used as well. In
[17] a reasonable description of the cross sections at the three energies has been
obtained using a phenomenological form of the OP.

In our previous works we studied the differential cross sections of the elastic
scattering of 6He+p [18], 8He+p [19], and 6He+12C [20] using both the real
and imaginary parts of the OP calculated microscopically. For the real OP we
used the folding approach [14, 15]. Instead of a phenomenological imaginary
part of OP, we used microscopic one derived in [21, 22] in the framework of the
high-energy approximation (HEA) [23–25] that is known as the Glauber theory.

The aim of the present work is to calculate the elastic scattering cross section
for 11Li+p at the three incident energies using the microscopic OP obtained in
Ref. [21]. Its real part includes the direct and exchange terms calculated by a
single-folding procedure using the large-scale shell model (LSSM) density of
11Li [26]. The imaginary part of the OP is derived within the HEA. Also, the
role of the spin-orbit interaction is considered. In our calculations we have only
four free parameters, that renormalize the depths of the volume and the spin-
orbit parts of the OP.
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2 Theoretical scheme

The optical potential used in our calculations has the form

Uopt = V F(r) + iW (r). (1)

We add also a spin-orbit term to Uopt.
The real part of the nucleon-nucleus OP is assumed to be a result of a single

folding of the nuclear densities and of the effective NN potential and involves
the direct and exchange parts (e.g., Refs. [14, 15], see also [18]):

V F(r) = V D(r) + V EX(r). (2)

The direct part V D(r) is composed by the isoscalar (IS) and isovector (IV) con-
tributions:

V D
IS (r) =

∫
ρ2(r2)g(E)F (ρ2)vD

00(s)dr2, (3)

V D
IV(r) =

∫
δρ2(r2)g(E)F (ρ2)vD

01(s)dr2 (4)

with s = r + r2, and

ρ2(r2) = ρ2,p(r2,p) + ρ2,n(r2,n), (5)

δρ2(r2) = ρ2,p(r2,p) − ρ2,n(r2,n). (6)

In Eqs. (5) and (6) ρ2,p(r2,p) and ρ2,n(r2,n) are the proton and neutron densities
of the target nucleus. The energy dependence of the effective NN interaction is
taken usually in the form:

g(E) = 1 − 0.003E. (7)

For the NN potentials vD
00 and vD

01 we use the expression from [15] for the
CDM3Y6 type of the effective interaction based on the solution of the equa-
tion for the g-matrix, in which the Paris NN potential has been used. Generally,
the density dependence of the effective interaction is taken in the form:

F (ρ) = C
[
1 + αe−βρ(r) − γρ(r)

]
, (8)

where C = 0.2658, α = 3.8033, β = 1.4099 fm3, and γ = 4.0 fm3.
The isoscalar part of the exchange contribution to the ReOP has the form:

V EX
IS (r) = g(E)

∫
ρ2(r2, r2 − s)F (ρ2(r2 − s/2)) vEX

00 (s)j0(k(r)s)dr2. (9)

Usually, the density matrix ρ2(r2, r2 − s) is taken in an approximate form and
vEX
00 (s) is the isoscalar contribution to the exchange part of the effective NN

interaction. It is shown in Ref. [18] how the isovector part of the exchange
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ReOP can be obtained. The local momentum k(r) of the incident nucleon in the
field of the Coulomb VC(r) and nuclear potential (ReOP) is:

k2(r) =
2m

�2
[Ec.m. − VC(r) − V (r)]

(
1 + A2

A2

)
. (10)

One can see that in the iteration procedure used to get the final result (after sub-
stituting Eq. (10) in Eq. (9)), the folding potential V (r) appears in the expression
for k2(r) and, thus, in the integrand of the integral in Eq. (9), i.e. in the expres-
sion for the exchange part of the OP. In this way, nonlinearity effects appear as
ingredient of the approach and they have to be taken into account.

The LSSM proton and neutron densities used in our work for 11Li are calcu-
lated in a complex 2�ω shell-model space using the WS basis of single-particle
wave functions with realistic exponential asymptotic behavior [26].

The complex HEA OP was derived in [21] on the basis of the eikonal phase
inherent in the optical limit of the Glauber theory. In our procedure this OP or
only its imaginary part together with the ReOP from the folding procedure is
used to calculate the cross sections by means of the code DWUCK4 [27] for
solving the Schrödinger equation. We note that we do not apply the Glauber
theory to calculate the scattering amplitude at low energies, but use the equiv-
alent HEA OP to solve numerically the respective wave equation. To calculate
the HEA OP one can use the definition of the eikonal phase as an integral of the
nucleon-nucleus potential over the trajectory of the straight-line propagation,
and have to compare it with the corresponding Glauber expression for the phase
in the optical limit approximation. In this way, the HEA OP is obtained as a fold-
ing of form factors of the nuclear density and the NN amplitude fNN (q) [21,22]:

UH
opt = V H + iW H

= − �v

(2π)2
(ᾱNN + i)σ̄NN

∫ ∞

0

dqq2j0(qr)ρ2(q)fNN (q). (11)

In Eq. (11) σ̄NN and ᾱNN are, respectively, the NN total scattering cross section
and the ratio of the real to imaginary part of the forward NN scattering ampli-
tude, both averaged over the isospin of the nucleus. These two quantities have
been parametrized in [28, 29] as functions of energies lower than 10 MeV. The
values of σ̄NN and ᾱNN can also account for the in-medium effect by a factor
from Ref. [30].

The expression for the spin-orbit contribution to the OP used in our work is
added to the right side of Eq. (1) and has the form (see, e.g. [27]):

VLS(r) = 2λ2
π

[
V0

1
r

dfR(r)
dr

+ iW0
1
r

dfI(r)
dr

]
(l · s), (12)

where λ2
π = 2 fm2 is the squared pion Compton wavelength, V0 and W0 are the

depths and fR(I)(r) = f(r, RR(I), aR(I)) are WS forms of the real and imaginary
OP, respectively.
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3 Results and Discussion

In this Section we show the results of the calculations of the microscopic OP’s
and the respective 11Li+p elastic scattering differential cross sections at ener-
gies Einc < 100 MeV/nucleon. The latter are calculated using the program
DWUCK4 [27] and the microscopically calculated real V F and imaginary W H

contributions to the OP:

Uopt(r) = NRV F(r) + iNIW
H(r)

+ 2λ2
π

{
NSO

R V F
0

1
r

dfR(r)
dr

+ iNSO
I W H

0

1
r

dfI(r)
dr

}
(l · s), (13)

where the depths V F
0 and W H

0 of the SO optical potential are obtained simulta-
neously with RR(I) and aR(I) from the approximation of the volume real and
imaginary microscopic OP’s by Woods-Saxon form. We started our calculations
using for ImOP W two forms, the microscopically obtained in HEA W H, or the
same form as V F (W = V F). As can be seen from (13), we introduce and con-
sider the set of N coefficients as parameters that can be found from comparisons
with the empirical data. As in our previous works [18–20] we do not aim to find
perfect agreement with the data. The introduction of the N ’s as fitting parame-
ters related to the depths of the various OP’s components can be considered as
a way to present a quantitative measure of the predictions of our method from
the reality (e.g., the differences of N ’s from unity for given energies, as will be
shown below). For the densities of protons and neutrons of 11Li we use in the
calculations those obtained microscopically in the LSSM method [26] that have
a correct exponential behavior (see Figure 1).
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Figure 1. Total, point-proton and point-
neutron densities of 11Li obtained in the
LSSM approach [26].

The microscopic real part (V F) of OP and HEA imaginary part (W H) calcu-
lated using LSSM densities of 11Li for energies E =62, 68.4, and 75 MeV/nu-
cleon are given in Figure 2. In Figure 3 we give as an example the differential
cross section of the elastic scattering 11Li+p at 62 MeV/nucleon in the cases

130



Microscopic Analysis of 11Li Elastic Scattering from Protons

-40

-30

-20

-10

 0

 0  2  4  6  8  10

V
F
 [M

eV
]

r [fm]

E=62A MeV
E=68.4A MeV
E=75A MeV

-60

-50

-40

-30

-20

-10

 0

 0  2  4  6  8  10

W
H

 [M
eV

]

r [fm]

E=62A MeV
E=68.4A MeV
E=75A MeV

Figure 2. Microscopic real part (V F) of OP and HEA imaginary part (W H) calculated
using the LSSM densities for energies E =62 (solid lines), 68.4 (dashed lines) and
75 MeV/nucleon (dotted lines).

when W = W H and W = V F with and without accounting for the spin-orbit
term in Eq. (13). The black area Figure 3 includes 4 curves in which W = W H

(from which 3 curves obtained without SO term and one with the SO term),
while the grey one includes 4 curves in which W = V F (from which 2 curves
obtained without SO term and 2 curves with the SO term).

It can be seen from Figure 3 the satisfactory overall agreement of the both
areas of curves with the empirical data. However, we note that the agreement
is better in the case when W = W H (the black area). The situation is similar
also for the other energies. So, in our further calculations we used only ImOP
W = W H. We note, secondly, that the values of the total reaction cross sections
σR are quite different in both cases (σR ≈ 455–462 mb for W = W H and σR ≈
260–390 mb for W = V F). Third, one can see from the comparison with the
experimental data that the role of the SO term is weak. Its effects turn out to be
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Figure 3. The 11Li+p elastic scattering cross section at E = 62 MeV/nucleon. Black
area: W = W H, grey area: W = V F. The experimental data are taken from [9].
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to decrease the values of NR and to increase the values of NSO
R .

As is known, the problem of the ambiguity of the values of the parameters N
arises when the fitting procedure is applied to a limited number of experimental
data (see, e.g., the calculations and discussion in our previous works [18–20]). It
is known that because the fitting procedure belongs to the class of the ill-posed
problems (see, e.g., Ref. [31]), it becomes necessary to impose some physical
constraints on the choice of the set of parameters N . The total cross section
of scattering and reaction is one of them, however, the corresponding empirical
values are missing at the energy interval considered in the present work.

Another physical criterion that has to be imposed on the choice of the values
of N ’s is the behavior of the volume integrals [14]

JV =
4π

A

∫
drr2NRV F(r) and JW =

4π

A

∫
drr2NIW

H(r) (14)

as functions of the energy.
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Figure 4. The 11Li+p elastic scattering cross section at E = 62, 68.4, and
75 MeV/nucleon using Uopt (13) for values of the parameters shown in Table 1. Solid
line: without SO term; dashed line: with SO term. The experimental data are taken
from [9–11].
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Romanovsky et al. [32] pointed out that the values of the volume integral
JV decrease with the increase of the energy in the interval 0 < E < 100
MeV/nucleon, while JW is almost constant in the same interval. So, the pro-
cedure consists of an imposing this behavior of JV and JW on our OP’s (i.e. on
their “depth” parameters NR (NI)), in the fitting procedure to obtain the values
of the parameters N ’s. As a result of this procedure, we show in Figure 4 the
results of our calculations of the 11Li+p elastic scattering cross sections for the
three energies E = 62, 68.4 and 75 MeV/nucleon. For each energy we present
two curves, with and without accounting for the SO term. The corresponding
values of the N ’s parameters together with those of JV , JW and σR are given in
Table 1.

Table 1. Values of the N ’s parameters, the volume integrals JV and JW (in MeV fm3)
and the total reaction cross section σR (in mb) for the results at the three energies E (in
MeV/nucleon) considered and shown in Figure 4.

E NR NI NSO
R NSO

I JV JW σR

62 0.871 0.953 342.474 332.015 456.97
0.851 0.974 0.028 0.000 334.610 339.332 461.21

68.4 0.625 0.186 232.210 60.489 153.44
0.543 0.140 0.201 0.000 201.744 45.530 122.25

75 0.679 0.370 238.048 112.913 232.62
0.660 0.369 0.045 0.000 231.387 112.607 232.62

In Figure 5 we give the curves for the volume integrals JV and JW which
join the results obtained in our calculations with N ’s values shown in Table 1
and with (without) accounting for the SO term in the OP Uopt(r) [Eq. (13)].
We present them as better ones due to various reasons: (i) the values of χ2

are around unity; (ii) reasonable values of the total reaction cross sections σR;
(iii) a good agreement with the data including those of θc.m. up to 60◦ for 62
MeV/nucleon. One can see From Figure 5 (and Table 1) that the values of JV

are decreasing with the increase of the incident energy (with a small exception at
68.4 MeV/nucleon) that is in general agreement with the results from Ref. [32].
However, this is not the case for JW , where its value for E = 62 MeV/nucleon
is larger than for the others. In the region of E = 68–75 MeV/nucleon the val-
ues of JW are increasing with the increase of the energy, that is in agreement
with the results from [32]. It turned out that the same situation had appeared
in a semi-microscopic approach in Ref. [16] namely, while the JV has a rea-
sonable behavior, the values of JW are in contradiction with the conclusions
in [32]. Thus, the problem arising in our work had appeared also in the semi-
phenomenological approach in [16], in which a larger number of parameters
than in our work has been used.

As a next step, we perform a methodical study of 11Li+p elastic scattering
cross section for E = 62 MeV/nucleon limiting our fitting procedure for the
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Figure 5. The values of the volume integrals JV and JW [Eq. (14)] as functions of the
energy per nucleon for 11Li+p elastic scattering. The values are given in Table 1. Solid
line: without SO term of Uopt [Eq. (13)]; dash-dotted line: with SO term of Uopt.

N ’s parameters to the experimental points for θc.m. ≤ 46◦ (Figure 6). These
particular data are with very small error bars in contrast with those for E = 68.4
MeV/nucleon. We mention that the experimental data for E = 68.4 and 75
MeV/nucleon are in the same region of angles. The obtained values of the pa-
rameters are: NR = 0.656, NI = 0.164 with χ2 = 0.788 and σR = 154.86 mb.
The values of the volume integrals in the case without SO term of Uopt are
JV = 257.937 MeV fm3 and JW = 57.136 MeV fm3 in comparison with
JV = 342.47 MeV fm3 and JW = 332.015 MeV fm3 obtained before (see the
first line in Table 1. One can see that in this case not only the behavior of JV but
also that of JW is in a reasonable agreement with the conclusions of Ref. [32].
In our opinion, the procedure described above points out the role of the data at
θc.m. > 46◦ on the values of χ2 and underlines the necessity of high-quality data
at larger angles. In any case, the general question about the behavior of JW for
the 11Li+p elastic scattering remains open.
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Figure 6. The 11Li+p elastic scattering cross section at E = 62 MeV/nucleon when
the fitting procedure for the N ’s parameters is limited only to the experimental points for
θc.m. ≤ 46◦. The obtained values of NR, NI, JV , JW , χ2, and σR are given in the text.
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4 Conclusions

The results of the present work can be summarized as follows:
(i) The optical potentials and cross sections of 11Li+p elastic scattering were

calculated at the energies of 62, 68.4, and 75 MeV/nucleon and were com-
pared with the available experimental data. The direct and exchange parts of
the real OP were calculated microscopically using the single-folding procedure
with density-dependent M3Y (CDM3Y6-type) effective interaction based on the
Paris NN potential. The imaginary part of OP was calculated microscopically
within the high-energy approximation. The microscopic LSSM proton and neu-
tron densities of 11Li were used.

(ii) The problem of the ambiguity of the values of the N ’s parameters is a
kind of ”ill-posed” problems when the fitting procedure is applied to a limited
number of experimental data. We used the behavior of the volume integrals as a
physical constrain on the choice of the values of the N ’s parameters. The values
of the total cross sections of scattering and reaction can serve as another physical
criterion for the N ’s values. However, the corresponding experimental data for
these values are missing at the energy interval considered in our work and they
are highly desirable.

(iii) A more successful explanation of the cross section data could be given
by inclusion of polarization contribution due to virtual excitations of inelastic
and decay channels of the reaction. We note that one has to account for the
competition with channels at the nuclear periphery (the breakup) that, according
to the coupled-channel calculations, play an important role. Their contribution
leads to changes of the ImOP in the elastic channel. So, effects like the Pauli
blocking and also those related to other different mechanisms (breakup and oth-
ers) play a role in the processes considered. The inclusion of the breakup in our
study of 11Li+p scattering is now in progress.
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