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Abstract.

The model of coherent quadrupole and octupole motion (CQOM) is applied to
describe non-yrast split parity-doublet spectra in odd-mass nuclei. The yrast lev-
els are described as low-energy rotation-vibration modes coupled to the ground
single-particle state, while the non-yrast parity-doublet structures are obtained
as higher-energy rotation-vibration modes. It is shown that the extended model
scheme describes both the yrast and non-yrast quasi-parity doubletspectra and
the related B(E1) and B(E2) transition rates in different regions of heavy odd-A
nuclei. The involvement of the reflection-asymmetric deformed shell model to
describe the single-particle motion and the Coriolis interaction on a deeper level
is discussed.

1 Introduction

The observation of quasi parity-doublet spectra in odd massnuclei is usually
related to the presence of quadrupole-octupole deformations [1]. The low-lying
(yrast) structure of the octupole spectra was relatively well studied and described
within various collective and microscopic model approaches (see [1,2] and refer-
ences therein), while the interpretation and the model classification of the higher,
non-yrast, parts of these spectra is still quite limited. Recently the model of Co-
herent Quadrupole-Octupole Motion (CQOM) [3, 4] has been applied to non-
yrast alternating-parity bands and the attendant B(E1), B(E2) and B(E3) tran-
sition probabilities in even-even nuclei showing that the octupole degrees of
freedom have a persistent role in the higher energy part of the spectrum [5].

The purpose of the present work is to show that the model scheme is also ca-
pable to describe non-yrast quadrupole-octupole excitations in odd-mass nuclei
by extending the original consideration proposed in [4]. For this reason it is as-
sumed that the non-yrast parity-doublet spectra can be associated to essentially
collective rotation-vibration degrees of freedom. The coupling of the core to
the odd nucleon and the Coriolis interaction are taken into account phenomeno-
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logically. The model approach remains open for a microscopic treatment of the
single-particle degrees of freedom.

In Section 2 the CQOM model formalism for the split-parity doublet spec-
tra is briefly presented. In Section 3 numerical results and adiscussion on the
application of the model to a number of odd-mass nuclei in therare-earth and
actinide region are presented. In Section 4 concluding remarks are given.

2 Model of Coherent Quadrupole–Octupole Motion

The model Hamiltonian for odd-mass nuclei can be taken as [4]

Hqo = − ~
2

2B2

∂2

∂β2
2
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2

2B3

∂2
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+
1

2
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2 +
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2 + d3β2

3

,(1)

whereβ2 andβ3 are axial quadrupole and octupole variables, respectively, and
B2 (B3), C2 (C3) andd2 (d3) are quadrupole (octupole) mass, stiffness and
inertia parameters, respectively. The quantity

X(I,K) =
1

2

[

d0 + I(I + 1) −K2 + πaδK, 1

2

(−1)I+1/2

(

I +
1

2

)]

, (2)

involves the collective angular momentumI, its third projectionK and the de-
coupling factora for the intrinsic states withK = 1/2. The parameterd0 de-
termines the potential core atI = 0. In the present work the decoupling factor
is considered as a model parameter adjusted to the experimental data. In [6] we
show that to treat the Coriolis interaction in CQOM microscopically, one can
apply an appropriate parity-projection particle-core coupling scheme in which
the decoupling factor is calculated by using a reflection-asymmetric deformed
shell model.

Under the assumption of coherent quadrupole-octupole oscillations with a
frequencyω =

√

C2/B2 =
√

C3/B3 ≡
√

C/B, and after introducing el-
lipsoidal coordinatesβ2 = pη cosφ, β3 = qη sinφ, with p =

√

d/d2, q =
√

d/d3 and d = (d2 + d3)/2, the collective energy of the system is obtained in
the form [3,4]

Enk(I) = ~ω
[

2n+ 1 +
√

k2 + bX
]

, n = 0, 1, 2, ...; k = 1, 2, 3, ..., (3)

whereb = 2B/(~2d). The quadrupole-octupole vibration wave function is

Φπ
nkI(η, φ) = ψI

nk(η)ϕπ
k (φ), (4)

where the “radial” partψI
nk(η) involves generalized Laguerre polynomials in the

variableη [3], while the “angular” part in the variableφ appears with a positive
or negative parity,πϕ = ±, as follows

ϕ+
k (φ) =

√

2/π cos(kφ) , k = 1, 3, 5, ... , (5)

ϕ−

k (φ) =
√

2/π sin(kφ) , k = 2, 4, 6, ... . (6)
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The total core+particle wave function for a state with angular momentumIπ

belonging to a parity-doublet sequence in odd-even nuclei is given by [4]

Ψπ
nkIMK(η, φ) =

√

2I + 1

16π2
Φπ

nkI(η, φ)
[

DI
M K(θ)FK

+ ππsp(−1)I+KDI
M −K(θ)F−K

]

, (7)

whereFK andπsp are the wave function and the parity of the single-particle
state, respectively.

The energy spectrum is determined in (3) by the quantum numbers n and
k. The parity-doublet structure is imposed by the conditionπ = πϕ · πsp. The
parity doublet (a couple of states with the same angular momentum I± and
opposite parities) is determined by a givenn and a pair of odd and evenk-values,
k

(+)
n andk(−)

n (k(+)
n < k

(−)
n ). Thek-values are determined so thatk = k

(+)
n

for Iπ=πsp andk = k
(−)
n for Iπ=−πsp. The difference betweenk(+)

n andk(−)
n

generates the splitting of the parity-doublet. The yrast doublet is formed above
the ground state whose parity isπ(0)

sp . The non-yrast doublets are coupled to
excited s.p. or quasi-particle (q.p.) states (if the pairing correlations are taken
into account) whose parityπ(n)

sp determines the doublet structure, with thek(+)
n

andk(−)
n accordance, as in the case of the ground-state (yrast) doublet. The

indexn also labels the different intrinsic configurations to whichthe non-yrast
doublets are coupled.

By using the wave functions (7) one can calculate B(E1), B(E2) and B(E3)
transition probabilities in the yrast and non-yrast quasi-doublet spectra. The
relevant formalism was originally developed in [3, 4] and further extended to
the non-yrast alternating-parity states of even-even nuclei [5]. In the present
work we apply the same formalism as extended in [5]. The only difference is
in the Clebsch-Gordan coefficients which now involve the quantum numbers
Ki andKf of the initial and final states. Then the reduced electric transition
probabilities with multipolarityλ = 1, 2, 3 are taken as

B(Eλ;nikiIiKi → nfkfIfKf ) =
2λ+ 1

4π(4 − 3δλ,1)
〈IiKiλ0|IfKf 〉2

× R2
λ(nikiIi → nfkfIf ), (8)

where the factorsRλ involve integrals over the radialη and and the angular
φ variables (see [5] for details). Due to the imposed axial symmetry the B(Eλ)
probabilities (8) are non-zero only between states with thesameK-values (Ki =
Kf ). Therefore, in the present work we only consider transitions connecting
states with the sameK. The consideration of transitions withKi 6= Kf can
be implemented after taking a more general transition operator in Eq. (19) of [5]
involving

∑

ν D
λ
µ,ν and also by taking into account the CoriolisK-mixing effect

in the s.p. states. This is the subject of further work.
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We remark that the ground state, the excited q.p. states, therespective de-
coupling factors (in case ofK = 1/2), as well as the Coriolis mixing contribu-
tions can also be obtained through a reflection-asymmetric deformed shell model
(DSM). This possibility provides a natural way to connect the collective CQOM
model with the microscopic approach. Although the work in this direction is in
an essential progress, here we consider the s.p. degree of freedom phenomeno-
logically. Thus for a given doublet we take the s.p. parity and theK value as
suggested by the experimental analysis and by microscopic calculations reported
in the literature. On the other hand the doublet band-heads are obtained as dif-
ferent rotation-vibration modes characterized by the CQOMoscillator quantum
numbern = 0, 1, 2, ..., and the respective decoupling factorsan entering the
expression (2) (in case ofK = 1/2) which are adjusted according to the experi-
mental data. It should be noted that these phenomenologicaldecoupling factors
are of great importance to determine the physically reasonable deformation re-
gions [6] where the DSM calculations have to be performed after inserting the
microscopic part in the CQOM.

3 Numerical results and discussion

In this section results of the CQOM model application to several odd-mass nuclei
are presented. The model energy levels are determined by Eq.(3) asẼnk(I) =
Enk(I) − E0kgs

(Igs), whereIgs and kgs are the angular momentum andk-
values of the ground state, respectively. The model parametersω, b and d0

determine the energy levels, while the parametersc =
√
BC/~ (see Eq. (13)

in [5]), p (see Eqs (6), (36)-(38) in [5]) ande1eff (see the text after Eq. (23) in [5])
determine the transition probabilities. (See [5] for more details on the calculation
of transition probabilities.) All these parameters are adjusted by simultaneously
taking into account experimental data on the energy bands [7] and the available
B(E1) and B(E2) transition probabilities [8]. In the cases of K = 1/2 bandheads
the decoupling factoran is also adjusted. For each nucleus the calculations are
performed on a net over the values ofk(+)

n andk(−)
n providing the sets ofk-

values for the best description. Calculations have been performed for the nuclei
151Pm, 155Eu, 161Dy, 157Gd, 221Fr, 223Ra, 239Pu, 239Np and243Am in which
both non-yrast parity-doublet levels and a number of B(E1) and B(E2) transition
probabilities are observed.

The theoretical and experimental energy levels of the nuclei 155Eu, 157Gd,
161Dy, 221Fr, 223Ra and239Pu are compared in Figures 1-4. The obtained pa-
rameter values andk-numbers are also given there. The respective transition
probabilities are given in Table 1. In Figure 5 both, the energy levels and tran-
sition probabilities for the nuclei239Np and243Am are given. We see that for
all considered nuclei the model suggests the existence of atleast one excited
non-yrast quasi parity-doublet band. In the nuclei161Dy and 239Pu we also
observe a second non-yrast doublet structure. In all considered nuclei the theo-
retical energy sequences reproduce the structure of the experimentally observed
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bands. It is noticeable that in239Pu, Figure 4, the non-yrast levels are described
together with the yrast band which expands to a very high angular momentum
I = 55/2. At the same time the Coriolis decoupling in the yrast band and the
second non-yrast band is also taken into account. Thus, the strong Coriolis de-
coupling observed in the nuclei221Fr and223Ra is described (see Figure 3). As
a result the overall effect of the interchange of neighbouring angular momenta
in the yrast levels of221Fr and in the second non-yrast sequence in223Ra due
to the strong decoupling is reproduced. The obtained valuesof the decoupling
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Figure 1. Theoretical and experimental parity-doublet levels for155Eu and157Gd. The
root mean square (rms) factors are given in keV. Data from [7].
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Table 1. Theoretical and experimental values of B(E1) and B(E2) transition probabilities
in Weisskopf units (W.u.) for quasi parity-doublet spectra of several odd-mass nuclei.
Notations:Iπi

ni
→ I

πf
nf

with ni andnf denoting the doublet (n = 0, 1, 2). The data are
taken from [8]. The uncertainties (in parentheses) refer to the last significant digits in the
experimental data.

Mult Transition Th [W.u.] Exp [W.u.]
155Eu

E1 5/2
−

0 → 5/2
+

0 0.00156 0.00156(19)
E1 5/2

−

0 → 7/2
+

0 0.00063 0.00063(13)
157Gd

E1 5/2
+

0 → 5/2
−

0 5.21 × 10
−6

10.3 × 10
−6 (22)

E1 5/2
+

0 → 3/2
−

0 53.9 × 10
−7

4.6 × 10
−7 (8)

E2 5/2
−

0 → 3/2
−

0 311 293
E2 7/2

−

0 → 5/2
−

0 195 230
E2 7/2

−

0 → 3/2
−

0 130 119
161Dy

E1 5/2
−

0 → 5/2
+

0 0.000134 0.000139(4)
E1 7/2

+

0 → 5/2
−

0 0.00004 0.0014 (6)
E1 7/2

−

0 → 7/2
+

0 7.6 × 10
−5

5.5 × 10
−5(11)

E1 7/2
−

0 → 5/2
+

0 4.0 × 10
−5

6.1 × 10
−5 (6)

E2 7/2
−

0 → 5/2
−

0 57 340 (10)
E2 7/2

+

0 → 5/2
+

0 276 330 (10)
E2 9/2

+

0 → 7/2
+

0 236 260(10)
E2 11/2

+

0 → 9/2
+

0 184 160(10)
E2 13/2

+

0 → 11/2
+

0 144 70 (3)
E2 15/2

+

0 → 13/2
+

0 115 90 (3)
E2 17/2

+

0 → 15/2
+

0 94 9 (8)
E2 19/2

+

0 → 17/2
+

0 79 54 (16)
E2 21/2

+

0 → 19/2
+

0 67 9 (8)
E2 23/2

+

0 → 21/2
+

0 58 12 (8)
E2 25/2

+

0 → 23/2
+

0 50 4 (9,-4)
E2 9/2

+

0 → 5/2
+

0 77 94(10)
E2 11/2

+

0 → 7/2
+

0 132 135 (25)
E2 13/2

+

0 → 9/2
+

0 170 159(22)
E2 15/2

+

0 → 11/2
+

0 197 190(3)
E2 17/2

+

0 → 13/2
+

0 218 222 (21)
E2 19/2

+

0 → 15/2
+

0 235 177 (9)
E2 21/2

+

0 → 17/2
+

0 250 260 (3)
E2 23/2

+

0 → 19/2
+

0 263 240 (3)
E2 25/2

+

0 → 21/2
+

0 275 340 (7)
E2 5/2

−

1 → 3/2
−

1 271 300(8)
221Fr

E1 3/2
+

0 → 1/2
−

0 4.4−4
5.3 × 10

−4 (12)
E1 7/2

+

0 → 5/2
−

0 2.3 × 10
−4

3.8 × 10
−4 (10)

E1 7/2
+

0 → 9/2
−

0 5.8 × 10
−4

4.1 × 10
−4 (11)

E2 3/2
−

0 → 5/2
−

0 23 23 (16)
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Table 1,continued

Mult Transition Th [W.u.] Exp [W.u.]

E2 3/2
−

0 → 5/2
−

0 23 23 (16)
E2 7/2

−

0 → 3/2
−

0 320 320 (12)
E2 7/2

−

0 → 5/2
−

0 2 16 (8)
E2 7/2

−

0 → 9/2
−

0 3 13
E1 3/2

+

1 → 3/2
−

1 1.5 × 10
−4

3.8 × 10
−4 (11)

E1 3/2
+

1 → 5/2
−

1 0.3 × 10
−4

2.1 × 10
−4 (7)

E1 5/2
+

1 → 3/2
−

1 0.9 × 10
−4

1.7 × 10
−4(12)

E1 5/2
+

1 → 5/2
−

1 4 × 10
−5

3.4 × 10
−5 (16)

E1 5/2
+

1 → 7/2
−

1 2 × 10
−7

2.6 × 10
−4 (13)

E2 7/2
−

1 → 3/2
−

1 57 55
223Ra

E1 3/2
−

0 → 5/2
+

0 2.8 × 10
−4

5.0 × 10
−4 (9)

E1 7/2
−

0 → 5/2
+

0 2.33 × 10
−4

0.79 × 10
−4(24)

E1 3/2
−

0 → 3/2
+

0 3 × 10
−5

119 × 10
−5 (16)

E1 7/2
−

0 → 7/2
+

0 9 × 10
−6

20 × 10
−6 (22,-5)

E1 3/2
−

2 → 1/2
+

2 3.35 × 10
−4

1.60 × 10
−4 (20)

E2 7/2
−

0 → 3/2
−

0 15 10 (6)
E2 7/2

+

0 → 5/2
+

0 18 70
E2 7/2

+

0 → 3/2
+

0 150 44
E2 11/2

+

0 → 7/2
+

0 207 280 (12)
239Pu

E1 7/2
−

1 → 7/2
+

1 1.28 × 10
−7

1.28 × 10
−7 (20)

E2 5/2
+

0 → 3/2
+

0 90 220 (5)
E2 5/2

+

0 → 1/2
+

0 312 291 (47)
E2 9/2

+

0 → 7/2
+

0 27 27 (20)
E2 9/2

+

0 → 5/2
+

0 450 440 (4)
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Figure 2. The same as Figure 1, but for161Dy.
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Figure 3. The same as Figure 1, but for221Fr and223Ra.

parameters are given in Figure 3. Also, we remark that in223Ra the yrast band
is described by imposingK = 1/2+ instead of the experimentally suggested
K = 3/2+. This is motivated by the previously indicated staggering behaviour
of the doublet splitting which is considered as the manifestation of a Coriolis
decoupling effect in that band [4].

The values of the quantum numberk obtained for the different energy se-
quences of each nucleus (shown in Figures 1-4) carry information about their
mutual disposition. The root mean square (rms) deviation between the theory
and experiment obtained for the different sequences as wellas the total rms fac-
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Figure 4. The same as Figure 1, but for239Pu. The lower panel contains the higher-spin
part of the spectrum. Data from [7] and [9].

tor in the considered nuclei show the good quality of the model description. We
especially remark the good model description of the energy levels and the B(E1)
and B(E2) transition probabilities in the nuclei239Np and243Am, with energy
rms factors 11.8 keV and 17.2 keV, respectively, shown in Figure 5. (Note the
rms factor of 2.7 keV for the non-yrast states in239Np.)

The theoretical and experimental values of the B(E1) and B(E2) transition
probabilities for the other nuclei are given in Table 1. Theyshow an overall good
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Figure 5. The same as Figure 1, but for239Np and243Am. The theoretical and experi-
mental B(E1) and B(E2) transition probabilities are also given. Data from[8].

agreement between theory and experiment with few larger discrepancies being
observed for some E1 transitions in the yrast bands of221Fr and223Ra. The
latter can be explained with the more complicated structuredue to the presence
of the Coriolis interaction. In few cases where only one B(E1) or B(E2) value is
described (e.g. in 239Pu,239Np and243Am) we have an exact agreement between
the theory and experiment due to the exact determination of the parametersc and
p in the fitting procedure. In addition we should remind that transitions between
states with differentK-values are not included in the consideration.
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The CQOM description of yrast and non-yrast quasi-doublet spectra of the
odd-mass nuclei illustrated in Figures 1-5 shows that the model is capable to
reproduce the specific spectroscopic properties related tothe simultaneous man-
ifestation of quadrupole and octupole degrees of freedom inthese nuclei. It
should be recognized that the successful descriptions are particularly due to the
allowed jumps of the angular-oscillator quantum numberk over several low-
lying model states within the considered quasi-doublet structures. So far, this is
only justified by the meaning of the differences in thek-values as characteristics
of the mutual displacement of the opposite-parity sequences. The search for a
deeper meaning and more sophisticated correlation betweenthe quadrupole and
octupole modes capable to compensate or explain these jumpsis still an open is-
sue. On the other hand even on the present level of phenomenology, the CQOM
model description provides useful information for the initiation of further devel-
opments. As it was mentioned in the end of Sec. 2 the knowledgeof the decou-
pling factors as well as the model mechanism for the forming of parity-doublet
spectra in odd-mass nuclei can guide the inclusion of microscopic calculations
in the study.

4 Conclusion

In conclusion, the present work provides an extended application of the col-
lective model of Coherent Quadrupole and Octupole Motion (CQOM) for the
description of yrast and non-yrast quasi-doublet spectra in odd-mass nuclei.
The numerical results obtained for a number of odd mass nuclei in the rare-
earth and actinide regions illustrate the capability of themodel to reproduce the
structure of yrast and non-yrast energy levels together with the attendant B(E1)
and B(E2) transition probabilities. At the same time the observed Coriolis de-
coupling effects are phenomenologically taken into account. On this basis the
present CQOM model descriptions can serve as a starting point for the applica-
tion of a deeper collective+microscopic approach in the exploration of nuclear
quadrupole-octupole collectivity. Work in this directionis in progress.
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