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Abstract. A comprehensive study of various ground-state properties of neutron-
rich and neutron-deficient Mg isotopes withA=20–36 is performed in the frame-
work of the self-consistent Skyrme-Hartree-Fock plus BCS method. The corre-
lation between the skin thickness and the characteristics related with the density
dependence of the nuclear symmetry energy is investigated for the same iso-
topic chain following the theoretical approach based on the coherent density
fluctuation model. The results of the calculations show that the behavior of the
nuclear charge radii and the nuclear symmetry energy in the Mg isotopic chain
is closely related to the nuclear deformation. A particular attempt is made to un-
derstand the most recent signatures for existence of an “island of inversion” at
neutron-rich 32Mg nucleus (N=20) from the spectroscopic measurements of its
low-lying energy spectrum and the charge rms radii of all magnesium isotopes
in the sd shell.

1 Introduction

The study of nuclear structure has advanced on the basis of the shell structure
associated with the magic numbers. This study, however, has been carried out
predominantly for stable nuclei, which are on or near the β-stability line in the
nuclear chart and have been explored experimentally. Advances in measure-
ments of unstable nuclei have provided information on exotic nuclei toward the
neutron and proton drip lines. Close to them, a large variety of formerly un-
known nuclear configurations has been observed. The magic numbers in such
exotic systems can be a quite intriguing issue. New magic numbers appear and
some others disappear in moving from stable to exotic nuclei in a rather novel
manner due to a particular part of the nucleon-nucleon interaction.

Low-lying states of neutron-rich nuclei around the neutron number N=20
attract a great interest, as the spherical configurations associated with the magic
number disappear in the ground states. For 32Mg, from the observed population
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of the excited 0+
2 state (found at 1.058 MeV) in the (t, p) reaction on 30Mg, it is

suggested [1] that the 0+
2 state is a spherical one coexisting with the deformed

ground state and that their relative energies are inverted at N=20. Very recently,
a next signature of an existence of “island of inversion” has been experimentally
tested by measuring the charge radii of all magnesium isotopes in the sd shell
at ISOLDE-CERN [2] showing that the borderline of this “island” lies between
30Mg and 31Mg.

Inspired by these new observations, in the present work we aim to perform
a systematic study of the nuclear ground-state properties of neutron-rich and
neutron-deficient Mg isotopes with A=20–36, such as charge rms radii, two-
neutron separation energies, neutron, proton, and charge density distributions,
neutron (proton) rms radii and related with them thickness of the neutron (pro-
ton) skins. This is done in the framework of the deformed HF+BCS method with
Skyrme-type density-dependent effective interactions [3]. The need of informa-
tion for the symmetry energy in finite nuclei, even theoretically obtained, is a
major issue because it allows one to constrain the bulk and surface properties
of the nuclear energy-density functionals quite effectively. Therefore, following
our recent works [4,5] we analyze the correlation between the skin thickness and
the characteristics related to the density dependence of the nuclear symmetry en-
ergy for the same isotopic chain. A special attention is paid to the neutron-rich
32Mg nucleus because of the weakening of the shell closure and appearance of
the “island of inversion” at N=20.

2 Theoretical Framework

The symmetry energy for asymmetric nuclear matter (ANM) sANM (ρ) is related
to the second derivative of the energy per particle E(ρ, δ) using its Taylor series
expansion in terms of the isospin asymmetry δ = (ρn − ρp)/ρ, where ρ, ρn and
ρp are the baryon, neutron and proton densities, respectively, (see, e.g., [4–7]):

sANM (ρ) =
1
2
∂2E(ρ, δ)
∂δ2

∣∣∣∣
δ=0

= a4 +
pANM
0

ρ2
0

(ρ− ρ0) +
ΔKANM

18ρ2
0

(ρ− ρ0)2+ · · · . (1)

In Eq. (1) the parameter a4 is the symmetry energy at equilibrium (ρ = ρ0). In
ANM the pressure pANM

0 and the curvature ΔKANM are:

pANM
0 = ρ2

0

∂sANM (ρ)
∂ρ

∣∣∣∣
ρ=ρ0

, (2)

ΔKANM = 9ρ2
0

∂2sANM (ρ)
∂ρ2

∣∣∣∣
ρ=ρ0

. (3)

In Refs. [4,5] we calculated the symmetry energy, the pressure and the curva-
ture for finite nuclei applying the coherent density fluctuation model [8, 9]. The
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key ingredient element of the calculations is the weight function that in the case
of monotonically decreasing local densities (dρ(r)/dr ≤ 0) can be obtained
using a known density distribution for a given nucleus:

|f(x)|2 = − 1
ρ0(x)

dρ(r)
dr

∣∣∣∣
r=x

, (4)

where ρ0(x) = 3A/4πx3 and with the normalization
∫∞
0
dx|f(x)|2 = 1.

It can be shown in the CDFM that under some approximation the properties
of finite nuclei can be calculated using the corresponding ones for nuclear matter,
folding them with the weight function |f(x)|2. Along this line, in the CDFM the
symmetry energy for finite nuclei and related quantities are obtained as infinite
superpositions of the corresponding ANM quantities weighted by |f(x)|2:

s =
∫ ∞

0

dx|f(x)|2sANM (x), (5)

p0 =
∫ ∞

0

dx|f(x)|2pANM
0 (x), (6)

ΔK =
∫ ∞

0

dx|f(x)|2ΔKANM (x). (7)

The explicit forms of the ANM quantities sANM (x), pANM
0 (x), and ΔKANM (x)

in Eqs. (5), (6), and (7) are defined below. They have to be determined within
a chosen method for the description of the ANM characteristics. In the present
work, as well as in Refs. [4, 5], considering the pieces of nuclear matter with
density ρ0(x), we use for the matrix element V (x) of the nuclear Hamiltonian
the corresponding ANM energy from the method of Brueckner et al. [10, 11]:

V (x) = AV0(x) + VC − VCO, (8)

where

V0(x) = 37.53[(1 + δ)5/3 + (1 − δ)5/3]ρ2/3
0 (x)

+ b1ρ0(x) + b2ρ
4/3
0 (x) + b3ρ

5/3
0 (x)

+ δ2[b4ρ0(x) + b5ρ
4/3
0 (x) + b6ρ

5/3
0 (x)] (9)

with b1 = −741.28, b2 = 1179.89, b3 = −467.54, b4 = 148.26, b5 = 372.84,
and b6 = −769.57. In Eq. (8) V0(x) is the energy per particle in nuclear matter
(in MeV) accounting for the neutron-proton asymmetry, VC is the Coulomb en-
ergy of protons in a flucton, and VCO is the Coulomb exchange energy. Thus, us-
ing the Brueckner theory, the symmetry energy sANM (x) and the related quan-
tities for ANM with density ρ0(x) (the coefficient a4 in Eq. (1)) have the forms:

sANM (x) = 41.7ρ2/3
0 (x) + b4ρ0(x) + b5ρ

4/3
0 (x) + b6ρ

5/3
0 (x), (10)
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pANM
0 (x) = 27.8ρ5/3

0 (x) + b4ρ
2
0(x) +

4
3
b5ρ

7/3
0 (x) +

5
3
b6ρ

8/3
0 (x), (11)

and
ΔKANM (x) = −83.4ρ2/3

0 (x) + 4b5ρ
4/3
0 (x) + 10b6ρ

5/3
0 (x). (12)

In our method (see also [4, 5]) Eqs. (10), (11), and (12) are used to calculate the
corresponding quantities in finite nuclei s, p0, and ΔK from Eqs. (5), (6), and
(7), respectively. We note that in the limit case when ρ(r) = ρ0Θ(R − r) and
|f(x)|2 becomes a δ function [see Eq. (4)], Eq. (5) reduces to sANM (ρ0) = a4.

The neutron skin thickness is usually estimated as the difference of the rms
radii of neutrons and protons:

ΔR =< r2n >
1/2 − < r2p >

1/2 . (13)

In our calculations the following Skyrme force parametrizations are used: SLy4,
SGII, and Sk3 (see, e.g., [4]). Also, we use the proton and neutron densities
obtained from self-consistent deformed Hartree-Fock calculations with density-
dependent Skyrme interactions [12] and accounting for pairing correlations.

3 Results of Calculations and Discussion

The nuclear deformation plays an important role to determine the charge and
matter radius of the neutron-rich nuclei, in particular for the description of the
structure of the Mg isotopes [13–15]. The evolution of the quadrupole parameter
β =

√
π/5Q/(A〈r2〉1/2) (Q being the mass quadrupole moment and 〈r2〉1/2

the nucleus rms radius) as a function of the mass number A is presented in Fig-
ure 1. First, as expected, the semi-magic 20Mg isotope (N=8) is spherical, while
the open-shell Mg isotopes within this chain possess two equilibrium shapes,
oblate and prolate. Due to the conjunction of the N=Z=12 deformed shell ef-
fects, the nucleus 24Mg is the most deformed of the isotopic chain. Most of the
deformed isotopes turn out prolate with the exception of 26,27Mg and 29,31Mg
which have an oblate shape. Our HF+BCS calculations lead to a spherical min-
imum in the deformation energy curve for the semi-magic 32Mg isotope thus
showing that the magic numberN=20 exists for the ground-state of 32Mg in the
mean-field theories [15]. Also, it is seen from Figure 1 that the prolate defor-
mation grows with the increase of the neutron number for 32−36Mg. We find
almost identical values of the quadrupole parameter β with the three Skyrme
parametrizations.

The charge radius is related to the deformation and the isotope shifts of
charge radii can be used to investigate the deformations in the isotopic chains.
Our results for the squared charge radii differences in Mg isotopes obtained from
three different Skyrme forces, SLy4, SGII and Sk3, are shown in Figure 2. We
compare them with the experimental data, taking the radius of 26Mg as the ref-
erence [2]. In general, different Skyrme forces do not differ much in their pre-
dictions of charge rms radii of magnesium spanning the complete sd shell. The
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Figure 1. The quadrupole parameter β as a function of the mass number A for Mg
isotopes (A=20-36) in the cases of SLy4, SGII, and Sk3 forces.

Figure 2. Theoretical (with different Skyrme forces) and experimental [2] isotope shifts
δ〈r2c〉 of magnesium isotopes relative to 26Mg.
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Figure 3. The symmetry energies s for Mg isotopes (A=20-36) calculated with SLy4,
SGII, and Sk3 forces.

trend of the behavior of the experimental points and theoretical values strongly
corresponds to the neutron shell structure. For 21−26Mg isotopes the charge dis-
tribution is compressed due to the filling of the d5/2 orbital and the charge radii
do not fluctuate too much. The addition of two neutrons on either s1/2 or d3/2

in the range 28−30Mg results in a fast increase of the radius. Finally, for isotopes
beyond 30Mg, where the “island of inversion” does exist in terms of the rms
charge radius [2], the theoretical results underestimate the experimental points.
Obviously, an additional treatment is needed to understand in greater detail this
specific region. We note the intermediate position of 27Mg, where a minimum is
observed in Figure 2, since one of the neutron added to 25Mg fills the last d5/2

hole and another populates the s1/2 subshell.
The results for the symmetry energy s [Eq. (5)] as a function of the mass

numberA for the whole Mg isotopic chain (A=20-36) are presented in Figure 3.
The SGII and Sk3 forces yield values of s comparable with each other that lie
above the corresponding symmetry energy values when using SLy4 set. Al-
though the values of s slightly vary within the Mg isotopic chain (23–26 MeV)
when using different Skyrme forces, the curves presented in Figure 3 exhibit the
same trend. We show in Figure 4 the correlation of the neutron-skin thickness
ΔR [Eq. (13)] of Mg isotopes with the s and p0 parameters extracted from the
density dependence of the symmetry energy around the saturation density. In
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Figure 4. HF + BCS neutron skin thicknesses ΔR for Mg isotopes as a function of the
symmetry energy s and the pressure p0 calculated with SLy4, SGII, and Sk3 forces.

contrast to the results obtained in Refs. [4, 5], there is no linear correlation ob-
served for the Mg isotopic chain. Additionally, we find the same peculiarity at
A=27 from Figure 2 for the case of the charge radii just reflecting the transition
regions between different nuclear shapes of Mg isotopes in the considered chain
and a small change in the behaviour for nuclei heavier than 32Mg, as well. In our
opinion, it is useful to search for possible indications of an “island of inversion”
aroundN=20 revealed also by the symmetry energy.

Along this line, to understand better the specific neutron shell-model struc-
ture leading to a concept of an “island of inversion” two configurations for 32Mg
are displayed in Figure 5: the closed-shell configuration and the one consisting
of two neutrons excited from the 1d3/2 and 2s1/2 orbitals into the 1f7/2 and
2p3/2 orbitals across the N = 20 shell gap, making a two-particle, two-hole
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Figure 5. The closed-shell and intruder configurations for 32Mg nucleus.

state. It is well presumed that namely this promotion of a neutron pair results
in deformed 2p-2h intruder ground state from the fp shell which competes with
the excited (at 1.06 MeV) spherical normal neutron 0p-0h state of the sd shell.

As is well known, the spin-orbit interaction and the pairing correlations have
influence on the deformation of nuclei. Therefore, we perform additional cal-
culations for the 32Mg nucleus by increasing the spin-orbit strength of the SLy4
effective interaction with 20%. As a result, we find strong prolate deforma-
tion for the intruder configuration (β=0.38) and further increase of the charge
radius. The latter is illustrated in Figure 6, where the result of the same proce-
dure applied to 31Mg nucleus is also shown. Such a modified calculation causes
an increase of the isotope shifts toward the experimentally extracted values for
both nuclei indicated in Figure 2 and a significant change in the nuclear symme-
try energy of 32Mg (Figure 3). It can be seen from Figure 6 that the comparison
between the new values that are very close to the experimental data [2] and the
previously obtained values of the charge radii of 31,32Mg isotopes can define a
region associated with the “island of inversion” which is not seen in the HF+BCS
theoretical method by using the original Skyrme force fitted to stable nuclei.

79



M.K. Gaidarov, P. Sarriguren, A.N. Antonov, E. Moya de Guerra

Figure 6. Theoretical (with the SLy4 Skyrme force) and experimental [2] rms charge radii
rc of Mg isotopes in the range A=27–32. The open red triangles represent the calculated
values of rc when the spin-orbit strength of the effective interaction is increased by 20%.

4 Conclusions

In this work, a theoretical approach to the nuclear many-body problem combin-
ing the deformed HF+BCS method with Skyrme-type density-dependent effec-
tive interactions [3] and the coherent density fluctuation model [8, 9] has been
used to study nuclear properties of Mg isotopes from the proton-drip-line nu-
cleus 20Mg to 36Mg being very closed to the neutron drip line. Three Skyrme
parametrizations were involved in the calculations: SLy4, SGII, and Sk3. We
have demonstrated the capability of CDFM to be applied as an alternative way
to make a transition from the properties of nuclear matter to the properties of
finite nuclei investigating the nuclear symmetry energy s and the neutron pres-
sure p0. This has been carried out on the base of the Brueckner energy-density
functional for infinite nuclear matter.

The deformation energy curves illustrate a transition from the spherical 20Mg
(N=8) to the prolate shape of 36Mg (N=24) through prolate (N=10,12), oblate
(N=14), with shallow spherical minima (N=16,18) and again spherical 32Mg
(N=20). The neutron densities are lower that the proton ones when N < Z ,
similar whenN=Z , and larger whenN > Z , as expected. There is also a strong
increase of the neutron densities at 27,28Mg (N=15,16) that occurs when the
neutrons occupy the s1/2 shell. For heavier isotopes the increase is very smooth
again. The charge radii follow qualitatively the trend observed in the experi-
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ment with minima around A=27, several jumps below and a smooth increase
above. The correlation between the neutron skin thickness ΔR and the symme-
try energy s and neutron pressure p0 shows up the same peculiarity at A=27 just
reflecting the transition regions between different nuclear shapes of Mg isotopes
in the considered chain. The values of the symmetry energy s vary roughly be-
tween 23 and 26 MeV being larger for Sk3 force and smaller for SLy4 force and
in between for the case of the SGII effective interaction.

Concluding, we would like to note that further study is necessary to prove
theoretically the existence of an “island of inversion” probed by the REX-ISOLDE
experiment. In particular, it is worth to perform calculations by including effects
of tensor and three-body forces and exploring novel energy density functionals.
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