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Abstract. Elastic scattering is probably the main event in the interactions of
nucleons with nuclei. Even if this process has been extensively studied in the last
years, a consistent description, i.e. starting from microscopic two- and many-
body forces connected by the same symmetries and principles, is still under
development. In this contribution we study the domain of applicability of mi-
croscopic two-body chiral potentials in the construction of an optical potential.
We basically follow the Kerman, McManus, and Thaler approach to build a mi-
croscopic complex optical potential and then we perform some test calculations
on 16O at different energies. Our conclusion is that a particular set of potentials
with a Lippmann-Schwinger cutoff at relatively high energies (above 500 MeV)
has the best performances reproducing the scattering observables. Our work
shows that building an optical potential within Chiral Perturbation Theory is a
promising approach to the description of elastic proton scattering, in particular,
in view of the future inclusion of many-body forces that naturally arise in such
framework.

1 Introduction

A suitable and successful framework to describe the nucleon-nucleus (NA) in-
teraction in the elastic scattering is provided by the nuclear optical potential [1].
With this instrument we can compute the scattering observables for the elastic
NA scattering across wide regions of the nuclear landscape. The use of the
optical potential has been also extended to calculations of inelastic scattering
and other nuclear reactions, but in this work we only consider the elastic proton
scattering.

The optical potential can be obtained phenomenologically [2, 3], by assum-
ing a form of the potential and a dependence on a number of parameters adjusted
to optimize the fit to the experimental data of elastic NA scattering. Alterna-
tively and more fundamentally, it can be obtained microscopically. With suitable

93



M. Vorabbi, P. Finelli, C. Giusti

approximations, microscopic optical potentials are usually derived from two ba-
sic quantities: the nucleon-nucleon (NN ) t matrix and the matter distribution of
the nucleus. All these models based on the NN interaction are nonrelativistic
(see Ref. [4] for a detailed review). Because microscopic optical potentials do
not contain adjustable parameters, we expect that they have a greater predictive
power when applied to situations where experimental data are not yet available,
such as, for instance, to the study of unstable nuclei.

The theoretical justification for the NA optical potential built in terms of
underlying NN scattering amplitudes was given for the first time by Chew [5]
and Watson et al. [6, 7] more than 60 years ago, and successively, by Kerman,
McManus, and Thaler (KMT) [8] who developed the Watson multiple scattering
approach expressing the NA optical potential by a series expansion in terms of
the free NN scattering amplitudes. Several years later, with the development
of high accuracy NN potentials, there has been a renewed interest in finding
a rigorous treatment of the NA scattering theory in momentum space. Several
authors contributed to the development of the multiple scattering theory and,
with a series of papers [9–32], to calculations of microscopic optical potentials.
The present work is framed in this context and it is based on the model described
in Ref. [33].

The NN potential is an essential ingredient in the NA scattering theory and
its off-shell properties play an important role. To obtain a good description of
these properties, the optical potential models have always employed “realistic”
potentials, in which the experimental NN phase shifts are reproduced with a
χ2 per data ' 1. The most commonly used NN potentials are those given by
groups from Nijmegen [34], Paris [35], Bonn [36], and Argonne [37]. Succes-
sively, with the advent of the Chiral Perturbation Theory (ChPT) [38] it has been
possible to calculate theNN potential perturbatively in the chiral expansion and
iterate it to all orders in a Schrödinger or Lippmann-Schwinger (LS) equation to
obtain the nuclear amplitude.

The most recent available chiral potentials are developed at fourth order
(N3LO) in the chiral expansion and are used in this work as a basic ingredient
to compute the NN t matrix for the construction of the NA optical potential.
In particular, in all the calculations presented in this paper we adopt the two
different versions of chiral potentials developed by Entem and Machleidt (EM,
Refs. [39–43]), and Epelbaum, Glöckle, and Meißner (EGM, Ref. [44]).

The second important ingredient of the NA scattering theory is the micro-
scopic structure of the nuclear target, given by neutron and proton densities.
These quantities are computed within the Relativistic Mean-Field (RMF) de-
scription [45] of spherical nuclei using a Density-Dependent Meson-Exchange
(DDME) model, where the couplings between mesonic and baryonic fields are
assumed as functions of the density itself [46].

Our contribution is organized as follows. In Section 2 we describe the the-
oretical framework used to calculate the NA optical potential and we discuss
the approximations made in the model. In Section 3 we present theoretical re-
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sults for the scattering observables on 16O calculated with all NN potentials.
Predictions based on EM and EGM potentials are compared with available ex-
perimental data in order to determine the most successful theoretical approach
and the best LS cutoff. In this section we also present results for the differential
cross section and the analyzing power for the oxygen isotopic chain, computed
with the EM potential. Finally, in Section 4 we draw our conclusions.

2 Theoretical Framework

The general problem of the elastic scattering of a proton from a target nucleus
of A nucleons can be stated in momentum space by the full (A + 1)-body
Lippmann-Schwinger equation

T = V + V G0(E)T , (1)

whose general solution is beyond present capabilities. A reliable method to treat
Eq. (1) is given by the spectator expansion [29], in which the multiple scattering
theory is expanded in a finite series of terms where the target nucleons interact
directly with the incident proton. In particular, the first term of this series only
involves the interaction of the projectile with a single target nucleon, the second
term involves the interaction of the projectile with two target nucleons, and so on
to the subsequent orders. In the standard approach to elastic scattering, Eq. (1)
is separated into two equations. The first one is an integral equation for T

T = U + UG0(E)PT , (2)

where U is the optical potential operator, and the second one is an integral equa-
tion for U

U = V + V G0(E)QU . (3)

The operator V represents the external interaction and the total Hamiltonian for
the (A + 1)-nucleon system is given by HA+1 = H0 + V . If we assume the
presence of only two-body forces, the operator V is expressed as V =

∑A
i=1 v0i,

where the two-body potential v0i describes the interaction between the incident
proton and the ith target nucleon. The system is asymptotically an eigenstate
of the free Hamiltonian H0 and G0(E) is the free propagator for the (A + 1)-
nucleon system

G0(E) =
1

E −H0 + iε
. (4)

The free Hamiltonian is given by H0 = h0 + HA, where h0 is the kinetic en-
ergy operator of the projectile and HA is the target Hamiltonian, HA |ΦA〉 =
EA |ΦA〉, where |ΦA〉 is the ground state of the target. The operators P andQ in
Eqs. (2) and (3) are projection operators and they fulfill the condition P+Q = 1.
In the case of elastic scattering P projects onto the elastic channel and can be
defined as

P =
|ΦA〉 〈ΦA|
〈ΦA|ΦA〉

. (5)
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With these definitions, the elastic transition operator may be defined as Tel =
PTP , and, in this case, Eq. (2) becomes

Tel = PUP + PUPG0(E)Tel . (6)

Thus the transition operator for elastic scattering is given by a one-body integral
equation. In order to solve Eq. (6) we need to know the operator PUP . In the
spectator expansion the operator U is expanded as

U =

A∑

i=1

τi +

A∑

i,j 6=i
τij +

A∑

i,j 6=i,k 6=i,j
τijk + · · · , (7)

according to the number of nucleons interacting with the projectile. In the
present work we only consider the first-order term of this expansion and, more-
over, we assume the Impulse Approximation (IA) which consists in replacing
the τi operator with the t0i operator defined as

t0i = v0i + v0igit0i , gi =
1

(E − Ei)− h0 − hi + iε
. (8)

In Eq. (8) the matrix t0i represents the free NN t matrix and in the IA we only
have to solve a two-body equation.

In order to develop a theoretical framework to compute the optical potential
and the transition amplitude for the elastic scattering observables, we follow the
path outlined in Ref. [47], that is based on the KMT multiple scattering theory
and that, at the first order, is equivalent to the IA.

After some manipulations [47] the KMT first-order optical potential is ob-
tained in the optimum factorization approximation as the product of the NN t
matrix and the nuclear matter density,

U(q,K;ω) =
A− 1

A
η(q,K)

∑

N=n,p

tpN

[
q,
A+ 1

A
K;ω

]
ρN (q) , (9)

where q and K are the momentum transfer and the total momentum in the NA
reference frame, respectively; N = n, p, tpN represents the proton-proton (pp)
and proton-neutron (pn) t matrix, ρN the neutron and proton profile density,
and η(q,K) is the Møller factor, that imposes the Lorentz invariance of the
flux when we pass from the NA to the NN frame in which the t matrices are
evaluated. The optimally factorized optical potential given in Eq. (9) exhibits
nonlocality and off-shell effects through the dependence of η and tpN upon K.
The energy ω at which the matrices tpN are evaluated is fixed at one half of the
kinetic energy of the projectile in the laboratory system.

3 The Scattering Results

In this section we present and discuss our numerical results for the NA elastic
scattering observables calculated with the microscopic optical potential obtained
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within the theoretical framework described in the previous section. As a study
case in our calculations we consider elastic proton scattering on 16O.

We investigate the sensitivity of our results to the choice of theNN potential
and, in particular, their dependence on the cutoff values. In order to investigate
and emphasize the differences between the different NN potentials, the scatter-
ing observables have been calculated at different energies for which experimen-
tal data are available. In light of the fact that chiral potentials are based upon a
low-momentum expansion, energies above 300 MeV may be considered beyond
the limit of applicability of such potentials.

With these calculations we intend to achieve the following goals: 1) to check
the agreement of our theoretical predictions with the empirical data; 2) to study
the limits of applicability of chiral potentials in terms of the proton energy; 3) to
identify the best set of values for the LS cutoffs.

In Figures 1 and 2 we show the differential cross section (dσ/dΩ), the ana-
lyzing power Ay , and the spin rotation Q for elastic proton scattering on 16O as
functions of the center-of-mass scattering angle θ for two energies (E = 100,
and 200 MeV). In the left panels we show the results obtained with the EM po-
tentials [39–41, 43] while in the right panels we show the results obtained with
the EGM potentials [44]. All potentials are denoted by the value of the LS cutoff.
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Figure 1. Scattering observables (differential cross section dσ/dΩ, analyzing power Ay ,
and spin rotation Q) as a function of the center-of-mass scattering angle θ for elastic
proton scattering on 16O computed at 100 MeV (laboratory energy). On the left panel we
employ the set of EM potentials [39–41, 43] while in the right panel we show the EGM
potentials [44]. All potentials are denoted by the value of the LS cutoff. Data are taken
from Refs. [48, 49].
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Figure 2. The same as is Figure 1 but for an energy of 200 MeV. Data are taken from
Refs. [48, 49].

In Figure 1, at 100 MeV, all sets of potentials, regardless of cutoffs and the-
oretical approaches, give very similar results for all three observables, with the
exception of Ay above 50 degrees, where all potentials overestimate the experi-
mental data up to the maximum and then display an unrealistic downward trend,
and Q around the maximum at 30 degrees. In particular, the experimental cross
section is well reproduced by all potentials in the minimum region, between 30
and 35 degrees. Polarization observables are usually more sensitive to the differ-
ences in the potentials and to the ingredients and approximations of the model.
Experimental data for such observables are usually more difficult to reproduce.
Even if differences are rather small, potentials with the largest cutoff (Λ = 600
MeV) seem to provide the best description of Ay . The same calculations have
been also performed at 135 MeV and we obtained the same results.

In Figure 2 we plot the results obtained at 200 MeV. At this energy, it is clear
that potentials obtained with the lower cutoffs (EM-450 and EGM-450) cannot
be employed any further: in both cases, the differential cross sections are not
satisfactorily reproduced and the behaviour of Ay and Q as a function of θ is
in clear disagreement with the empirical one. On the other hand, the remaining
sets of potentials well describe the experimental cross sections and the analyzing
power Ay , that is reasonably described not only for small scattering angles but
also for values larger than the minimum value up to about 45 degrees.

On the basis of all these results for 16O we can draw two conclusions: 1) Po-
tentials with lower cutoffs cannot reproduce experimental data at energies close
to 200 MeV. 2) There is no appreciable difference in using 500 or 600 MeV as
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Figure 3. Theoretical results for the differential cross sections of the oxygen chain com-
puted at 200 MeV using the EM-500 chiral potential.

LS cutoffs, even if the EM-600 and EGM-600 potentials seem to have a slightly
better agreement with empirical data, in particular looking at polarization ob-
servables.

For energies above 200 MeV, this behaviour changes and the agreement with
the experimental data begins to fail. This failure becomes larger as the energy
increases. At energies above 300 MeV, all potentials are unable to describe the
data.

Finally, in Figures 3 and 4 we display our results of the differential cross
section and the analyzing power for the oxygen isotopic chain computed at 200
MeV using the EM-500 chiral potential. These results show an evolution of the
scattering observables without any discontinuities along all the chain and a be-
havior somewhat similar to that obtained for the elastic electron scattering on
the same chain [50]. In Figure 3 we observe that increasing the neutron number
the magnitude of the cross section increases while its first minimum is shifted
toward smaller angles, i.e.smaller momentum transfer. This behavior can be en-
tirely ascribed to the nuclear densities, which generally show more pronounced
differences for heavier isotopes and, consequently, produce a gradual increase
of the neutron radius with increasing neutron number. The same behavior is re-
flected in the results for the analyzing power, displayed in Figure 4, where we
observe the shift of the first minimum and the corresponding increase of its mag-
nitude. We also note that the positions of the maxima are shifted too, but their
magnitudes almost remain constant.
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Figure 4. The same as Figure 3 but for the analyzing power.

4 Conclusions

In this work we have presented a microscopic optical potential for elastic proton-
nucleus scattering. Our optical potential has been derived at the first-order term
within the spectator expansion of the nonrelativistic multiple scattering theory.
In the interaction between the projectile and the target nucleon, which is de-
scribed by the NN τ matrix, we have neglected medium effects and we have
adopted the impulse approximation, that consists in replacing τ by the free NN
t matrix.

As a further simplification, we have adopted the optimum factorization ap-
proximation, where the optical potential is given in a factorized form by the
product of the free NN t matrix and the nuclear density. This form conserves
the off-shell nature of the optical potential and it has been used in this work to
compute the cross sections and the polarization observables of elastic proton-
nucleus scattering.

Two basic ingredients underlie the calculation of our microscopic optical
potential: the NN interaction and a model for nuclear densities. For the NN
interaction we have used two different versions of the chiral potential at fourth
order (N3LO) based on the work of Entem and Machleidt (EM) [39–41,43] and
Epelbaum, Glöckle, and Meißner (EGM) [44], which differ in the regularization
scheme employed in the two-pion exchange term and in the choice of the cutoffs.
Neutron and proton densities have been computed within the RMF description
[46] of spherical nuclei using a DDME model [46].

As case study for our investigation we have considered elastic proton scat-
tering on 16O. Results for the cross section, the analyzing power, and the spin
rotation have been presented and discussed in comparison with available exper-
imental data. Calculations have been performed with different NN potentials at
100 and 200 MeV.
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The comparison between the results obtained with the different versions of
the chiral potential represents a useful test of the reliability of our new optical
potentials and allows us to identify the best set of LS cutoff values.

Polarization observables are more sensitive to the differences in the NN
interactions and to the approximations of the model. This sensitivity makes it
difficult to describe the experimental analyzing powers over the whole scattering
angular distribution. The optical potentials obtained from all the NN potentials
give close results and a good description of the experimental cross sections at
100 MeV. Of course, the differences among the results obtained with different
NN potentials increase with the energy and with the scattering angle. Our re-
sults indicate that EM-600 and EGM-600 provide a slightly better agreement
with empirical data for energies up to 200 MeV.

The case of elastic proton scattering considered in this work represents the
first natural and necessary test of the reliability of an optical potential. The
optical potential, however, represents a crucial and critical input for calculations
over a wide variety of nuclear reactions and can therefore be employed in many
other situations beyond those considered in this paper.
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[45] T. Nikšić, et al., Computer Physics Communications 185 (2014) 1808-1821.
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