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Abstract. Numerical solution of the time-dependent Schrodingeraéiqn
(TDSE) is used for studying neutron and proton rearrangraedttransfer pro-
cesses in low-energy nucleus-nucleus collisions. Theugeol of the wave
functions for outer neutrons 8fZr in fusion reactior®Ca +°°Zr and for all
nucleons in reactiof’Ca +'2*Sn is determined. The results of calculations of
transfer cross sections are in satisfactory agreementexjierimental data for
reaction**Ca +'2Sn.

1 Introduction

Inelastic grazing collisions of atomic nuclei are acconigdiy nucleon trans-
fer and the deformation of the nuclear surface. The relatietion of heavy
nuclei may be analyzed based on of classical mechanics blpgimg the con-
cepts of the trajectory and scattering angle which deperide@impact parame-
ter. A quantum-mechanical treatment should be appliedatirgwith intrinsic
degrees of freedom, such as single-particle states, lowg-ljguadrupole, oc-
tupole, etc.) vibrations of nuclear surfaces, and highdybscillations (giant
resonances). In those cases, the minimum distéhgg between the centers of
colliding nuclei may serve as a characteristic parametérather largeR yin,
the probabilities for nucleon transfer and collective &t@ns are low, which
allow one to employ approximate methods including the pbetion theory,
linear terms of power-series expansions, and empiricaletlsodouching and a
partial intersection of nuclear surfaces entail deepaist@ reactions and multi-
nucleon transfer. In case of substantial changes in nualeae functions pre-
vent the application of the perturbation theory, whereasapproach based on
the time-dependent Schrodinger equation (TDSE2][provides the possibility
of theoretical description of the processes. At small impacameters, a projec-
tile nucleus may be captured by a target nucleus after om@rgpthe Coulomb
barrier, and after that incomplete or complete fusion arssiile. The rear-
rangment of outer nucleons takes place at the first stagearsffer and fusion
reaction at small distances between nuclear surfaces.elprésent study, the
time-dependent approach is applied to individual nucledrslliding nuclei.

22



Time-Dependent Analysis of Multinucleon Transfer Reatdiwith Heavy Nuclei

2 Neutron Rearrangement at the First Stage of the Fusion in
Reaction 4°Ca + %zr

At small impact parameters a projectile nucleus is captbsed target nucleus
after overcoming the Coulomb barrier. In the model with thessical trajec-
tories of colliding nuclei we may study the rearrangementheir outer neu-
trons before overcoming the Coulomb barrier. In genera dasneling through
Coulomb barrier may be taken into account in the coupledmélamethod 8].
In the independent-nucleon model, the initial spinor tveorponent wave func-
tions having the projectiom; of the total angular momentum onto theaxis
have the form

wn,l,j,mj = Xn,l,j (T)Qj,l,mj (97 (P), (1)

where the angular parQ;; ,,, are the spherical spinorg,= 0,1,..., j =
l+1/2,m; = —j,—j+1,...5. The radial wave functiong, ; ;(r) are deter-
mined numerically for a mean field in the Woods—Saxon forme parameters
of the mean field were determined by fitting the theoreticéles of the root-
mean-square charge radius and the proton and neutron Sepaaergies to
their experimental counterparts (see, for examplp, [At the approaching re-
action stage the outer (valence) neutron wave functiom/iloed initially in one
of the nuclei, may spread into the volume of the other nuc(sas Figurela)
already before the colliding nuclei have overcome the Qoblbarrier p]. The
analysis of this process was made using two-center wavéidunsof outer neu-
trons in the dinuclear system. The probability densitiesh@ Figureslb,c
demonstrate that these wave functions with small absokiigeg of the total-
angular-momentum projection onto the nucleusnucleus |axj$ = 1/2 and
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Figure 1. a) Probability density for neutrons of thé , outer shell in thé*Zr nucleus
near the turning point in a central collision with%Ca nucleus af. ... = 98 MeV, b,
c) probability densities for the two-center (moleculagtes corresponding to thels /»
state of the’®Zr nucleus (upper part 1) and tRg;,» state of the'°Ca nucleus (lower
part 2) for the following absolute values of the total-argrrhomentum projection onto
the nucleusnucleus axis éxis): |m;| = 1/2 (b) and|m;| = 3/2 (c).
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Figure 2. The occupation probabilities (a) and energiefofithe two-center (molecular)
states that correspond to tBé;,, state of the’®Zr nucleus (curves 1) angp, /2 State

of the *°Ca nucleus (curves 2) for the absolute valiies| = 1/2 (solid curves) and
|m;| = 3/2 (dashed curves) of the total-angular-momentum projeditn the nucleus-
nucleus axis in the head-on collisiéhCa +°°Zr at E...,. = 98 MeV; arrows indicate
the distance of the top of the Coulomb barrier.

|m;| = 3/2 are overlapping strongly for two-center (molecular) staterre-
sponding to one-center stat; » and2p;,» of separate nucléfZr and*°Ca,
respectively. It leads to large probability of transitiocihneutrons from the first
state to the second. The typical graphs of the occupatidgibty |a,, (¢)|? of
these states as a function of time are given in FidaeIn the vicinity of the
turning point near the top of the Coulomb barrier, the octiopgrobability for

a two-center state corresponding to one-center 8jate of Ca nucleus proves
to be rather high (more than 0.1). The energies dependingtemuclear dis-
tanceR of paired neutrons in molecular states wjith;| = 1/2 and|m;| = 3/2

in the¥°Ca+?%Zr system are displayed in Figu2b. The energies of states with
large angular-momentum projections onto the axis betweenenters of collid-
ing nuclei,|m;| > 3/2, undergo virtually no changes up to the Coulomb barrier
whose top is aRp = 11 fm. The distance dependent energy yi€ldR) for
transition of two paired neutrons witn;| = 1/2 and with|m;| = 3/2 from
upper molecular levels to nearest lower molecular levedpeetively equal to

Q2d72p,1/2(R) = 2[€2p,1/2(R) - 52d(00))]7 (2)

Q2d72p,3/2(R) = 2[52p,3/2(R) - 52d(00))]- )

Some distribution o) < Quax, Q@max > 0 Will take place as a result of tran-
sition of neutrons from molecular levetl;,, of the 96Zr to lower and upper
molecular levels near top of the barrier. This process maygged with the
energy gain which, in turn, may lead to a gain in the kinetiergg of rela-
tive motion (energy lift) 6, 7]. Thus, neutron rearrangement with positie
values may significantly influence the sub-barrier fusionatyics, leading a
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Figure 3. a) Fusion cross sections for reactit@a+°zr (filled circles) and'®Ca+°zr
(empty circles) 7, 8]. Dashed curve is the coupled channel (CC) calculation Her t
40Cca+Y7r fusion reaction. Dotted curve is the CC calculations Fer’f Ca+Zr fusion
reaction, whereas the solid curve is the result of calaubatifor the same reaction in
ECC and QCC+ENR models; arrows indicate the Coulmb bargights. b) The typical
behavior of distribution orQ-values for neutron rearrangement. T®e,, values are
assumed to be equal 2a: MeV [6].

substantial increase of the barrier penetration proliglfiee Figurea). Thus,
the TDSE approach for outer neutrons of colliding nucleivies the micro-
scopic validation of empirical coupled-channel model (E[C{} and quantum
coupled-channel+empirical neutron rearrangement ma@@elq+ENR pB])) of
fusion taking into account neutron rearrangement. In baiberfs, gaussian-like
distribution on@-values was proposed (see Fig@®. The parameters of this
distribution depend oid)..,,-values and probabilities for transfer efneutron
from the ground state to the ground state of nuclei in reastio

3 Multinucleon Transfer in Reaction °Ca + 124Sn

Touching and partial intersection of the nuclear surfaggailedeep-inelastic
reactions and multinucleon transfer. TDSE approach wag fesedescription
of neutron and proton transfer in reactiétCa + 24Sn at energy above the
Coulomb barrier. Several upper proton and neutron levelses’Ca and'?4Sn
nuclei are shown in Figuré

Six proton and neutron shells are filled in tH&€a nucleus, theds, level
being the uppermost fully filled state. In th&'Sn nucleus 11 proton and 16
neutron shells are filled. The wave functions (1) were usedlfmeutron shells
of both nuclei as the initial condition. For protons wavedtions, a long-range
character of the Coulomb interaction and the polarizatftetes were taken into
account approximately. The Coulomb interaction of evegtqm with another
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Figure 4. Protond,,) and neutrondy,) shell-model levels of th&’ Ca projectile and**Sn
target nuclei. The longest and the dashed segments represpectively the Fermilevels
and the unoccupied levels.

nucleus was switched on slowly (adiabatically) at finiteriteclear distance. Ex-
amples of the probability density for the outer protons efftCa nucleus from
thelds,, and2s, , initial states, and for the outer neutrons of th&Sn nucleus
from the2ds,, and3s, /, initial states, at the distance of the closest approach of
the*°Ca and'?*Sn nuclei are given in Figurg

Figure 5. Probability densities at the distance of the aibapproach of’Ca and'?*Sn
nuclei for the protons of thé°Ca nucleus from (@)ds/» and (b)2s, o initial states
and for the neutrons of th€*Sn nucleus from (ckds,2 and (d)3sy /. initial states;
Ec.m. = 128 MeV, the impact parameter ts= 4 fm. The distance between the centers
of the nuclei is 12 fm, and the radii of the circles are equaheoradii of the nuclei.
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The structure of the maxima and minima of the probabilitysignclearly
shows that the outer protons of tfCa nucleus, after transfer to th& Sn nu-
cleus, populate the frexl; , state with largest probability. This is facilitated by
arelatively low energy of proton separation from tA€a nucleus (8.3 Me\4))
and a moderately small difference between the energie®adtt),, 2s, /2, and
1ds » initial levels in the*°Ca nucleus and th&d; , final level in the!**Sn nu-
cleus. Also, the absence of a centrifugal barrier favorssiteons from thes; /,
initial state. A similar situation prevails in the case oé thansition of the outer
neutrons of thé?!Sn nucleus from th8s; o, 2d3/s, 2ds5/2, 1g7/2, and1hiq o
states to theps , state of the®Ca nucleus. A large difference between the ener-
gies of the initial and final levels hampers the inverse itams of protons from
the'24Sn nucleus to the free levels of tH&Ca nucleus and neutrons of tH&Ca
nucleus to the free levels of tH&*Sn nucleus. An example of the evolution of
the probability density for all nucleons in*fdCa+24Sn central nucleus-nucleus
collision atE. ,,,. = 128 MeV is given in Figures.

The probabilities for the transitions of one nucleon to eels of the other
nucleus can be found by the approximate formula proposed] in [

p(b. E) = Jim " Jax(t)]’ @)
k

whereay, are the coefficients in the expansion of the time-dependawnefiunc-
tion in terms of the wave functions for single-particle sgatFor the three upper
occupied proton levels of thCa nucleus, the probabilities of proton transfer
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Figure 6. Evolution of the probability density for all nuoles of“°Ca and'?*Sn nuclei
at E..m. = 128 MeV and the impact parametgr= 4 fm (a, b, ¢) and = 6 fm (d, e, f) .
The order of panels, (a, b, ¢) and (d, e, f), corresponds todhese of time.
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Figure 7. Proton stripping and neutron pickup in tA€a + 2*Sn collision with the
center-of-mass energyc.... = 128 MeV and the minimum distancB.i» between the
centers of the nuclei: a) probabilijy of the proton transfer to th€*Sn nucleus from
the initial 1ds,, (solid line),2s,,, (dashed line), andds,, (dot-dashed line) levels of
the “°Ca nucleus; b) probability of the neutron transfer to tf€Ca nucleus from the
initial 1k /2 (solid line), 3s1,2, and2ds,, (common dot-dashed lineRds,, (dotted
line), 1g7 /> (dashed line) levels of the*Sn; arrows indicate the position of the Coulomb
barrier.

to the free levels of th€*Sn nucleus are shown in Figurfa as a function of the
minimum distanceR,,.;, between the centers of the nuclei.

At distances close and above the top of the Coulomb barrieen,,;, >
Rp, Rg = 11.4 fm. logarithms of the calculated probabilities can be srhedt
with a good accuracy by the linear dependence

1gp1 (Rmin) ~ AZ - BiRmin- (5)

As in [9], for energies in the vicinity of the Coulomb barrier the ampp-
mationp = p(Rp) is used on the interval oR; + Ry < Rmin < Rp, R:
and R, are the radii of the nucleiR; + R, = 10.7fm, R, + R, ~ Rp. The
probabilitiesP(AZ, R,,i,) for the transfer ofAZ protons of the twelve ones
inthelds,s, 251 /2, andlds /o shells of the!?Ca nucleus are calculated by stan-
dard methods with the aid of a binomial distribution combliméth addition and
multiplication theorems for probabilities. The corresgimy results are shown
in Figure8.

The transfer cross sections were calculated via integratier collision im-
pact parameters

o =2r / P(b, E)bdb, (6)

bmin

hereR,in (bmin) = R1 + Ro. The results of calculation proton-stripping cross
sections agree with experimental data frob@][satisfactory (see Figur@a).
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Figure 8. Proton stripping and neutron pickup in tA€a + 24Sn collision with the
center-of-mass energy.... = 128 MeV: a) probabilitiesP of the stripping ofAZ =
1,...,6 protons (solid lined, . .., 6), the dashed line is the probability for the collision
without the proton transferXZ = 0), b) probabilitiesP of the pickup o AN =1,...,5
neutrons (solid lines, . . ., 5), the dashed line is the probability for the collision wittho
the neutrons transfer\N = 0); arrows indicate the position of the Coulomb barrier.

Similar results for neutron pickup by tH8Ca nucleus are shown in Figu®b.
Agreement of the results of the calculations with experitakthata proves to be
the same as that in the proton-stripping case.

The semiclassical model developed by Winther 1d][for few-nucleon-
transfer processes accompanied by a small energy dissipads implemented
within the GRAZING code12] is widely used to calculate multinucleon-transfer
cross sections. The following physical assumptions ura#re formulas used
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Figure 9. Proton stripping and neutron pickup in th€a +'24Sn collision withE. ., =

128 MeV: a) cross sections for stripping &7 protons without the neutron transfer,
AN = 0, b) for pickup of AN neutrons without the proton transfex,Zz = 0, triangles
are the experimental dataq), solid circles are the calculations using the TDSE method,
empty circles are the calculations using the GRAZING cdd.
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in this model for computations: single-particle transfars independent and
their probabilities are small compared to unity. The rugrif the GRAZING
code on the NRV web served,[13] provides a convenient possibility for the
calculation of mass and charge distributions with graghegaresentation of the
results.

Figure9b shows that both theoretical approaches, that of the pretgaty
and that is based on the GRAZING model, describe reasonadilyive transfer
of a moderately small number of neutrons (less than fdig]) [In the case of the
transfer of four and five neutrons, the present time-deparafgproach provides
better agreement with experimental data; as for the GRAZNg8lel, it under-
estimates the respective cross sections. For proton #nafssfe Figur®a), the
time-dependent approach describes satisfactorily timsfieaof a large number
of protons, while the GRAZING model underestimates gretycross sections
for the transfer of more than one proton.

The transfer of two protonAZ = 2 from projectile to target changes the
mean fields of both nuclei and positions of nucleon levelshi ghell model.
Figure10shows a few upper proton and neutron level&@fr and '26Te nuclei.
In the3®Ar nucleus, there are six filled neutron shells with the caatedy filled
upper levellds », and in the'*Te nucleus 11 proton shells and 16 neutron shells
are filled. Figurel1shows satisfactory agreement of the results of calculation
neutron stripping and pickup cross sectionsAdf = 2 with experimental data
from [10].

€, , MeV g, , MeV
0___ 0:::¢3/ 3pl/z
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a0b 1-/[7/2 -10 _llhn/z 2d$/2
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Figure 10. Neutron shell-model levels of the 3 Ar projectile and'?®Te target nuclei.
The longest and the dashed segments represent respettigeBermi levels and the
unoccupied levels.
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Figure 11. Neutron stripping and pickup in transfer of twotpnsAZ = 2 from projec-
tile to target in the'’Ca+'2*Sn collision atE. ,,. = 128 MeV, triangles are the experi-
mental data]0], solid circles are the calculations using the TDSE metleoahty circles
are the calculations using the GRAZING code]|

4 Conclusion

The numerical solution of the time-dependent Schrdingaagqgn is applied to
analysis of dynamics of nucleon transfer and rearrangeat@mergies near and
above the Coulomb barrier. The evolution of wave functiohallonucleons is
used for the description of multi-neutron and multi-protcansfer in reaction
40Cca+24sn. The results of calculations of transfer cross sectiomasatisfac-
tory agreement with experimental data. The evolution oferfawmctions of outer
neutrons is used for the microscopic validation of empineutron rearrange-
ment (ENR) and empirical coupled-channel (ECC) models apthaation of
energy dependence of fusion cross section for reaétiGa+¢Zr.
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