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Abstract. In this work we solve the Schrodinger equation for Bohr Hamil-
tonian with Coulomb and Hulthén potentials within the formalism of minimal
length in order to obtain analytical expressions for the energy eigenvalues and
eigenfunctions by means of asymptotic iteration method. The obtained formulas
of the energy spectrum and wave functions, are used to calculate excitation en-
ergies and transition rates of -rigid nuclei and compared with the experimental
data at the shape phase critical point X(3) in nuclei.

1 Introduction

Several analytical solutions of the Bohr Hamiltonian with different model po-
tentials have been proposed. On the other hand, this problem is related to the
evolution of Critical Point Symmetries concept. For example, the symmetry
E (5) [1] describes the second-order phase transition between spherical and ~y-
unstable nuclei, while the transition from vibratory to axially symmetric nuclei
is described by symmetry X (5) [2] and X(3) [3] which is a special case of this
latter in which ~y is fixed to 7=0. This model has been developed with the in-
troduction of the concept of minimal length [4]. In this context, different model
potentials have been used such as infinite Square Well (ISW) [5], the harmonic
oscillator [6], the sextic potential [7] and the Davidson one within X(3) symme-
try.

In the present work we focused on the study of the Bohr Hamiltonian in the
presence of a minimal length in X(3) model with two known potentials, namely:
Hulthén and coulomb, where we have obtained the expressions of eigenvalues
and wave functions by means of the asymptotic iteration method (AIM) [8, 9].
Such a useful method is efficient to solve many similar problems [10, 11].
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2 Formulation of the Model

The Bohr Hamiltonian in the presence of a minimal length is given by [4]
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where A, is the angular part of the Laplace operator
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The corresponding deformed Schrodinger equation to the first order in «
reads as

{— A + LAY +V(B) - E] ¥(B,6,¢) =0. 4)
2B, 2B,
By introducing an auxiliary wave function
w(B,0,9) = [1 - 2ah*A] (8,6, ), ®)
we obtain the following differential equation satisfied by ¢
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By considering the wave function as

¢(5a 0; ¢) = g(ﬁ)YLlﬂ(ev ¢)

and
AaYrum(0,¢) = —L(L +1)YLrm(0, ¢)
Eq. (6) transforms into [4]
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where V() is

e The Coulomb potential:
V(B) =2 8)

e The Hulthén potential:
V(B) = PR (€))
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3 Energy Spectrum

3.1 Hulthén potential

Using the new variable y = e =%, Eq. (7) becomes

d? 1d 1 9 Y
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In order to apply AIM, we consider the following ansatz:

§y) =y"(1 —y)x(y) (1)

—2F 1 / 32a
v=—5 and ,u—2<1+ 4A—|—1+62>.

Using the AIM, we obtain the energy spectrum in the following form:

with

1
E=—-
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3.2 Coulomb potential

By substituting the following ansatz &(3) = B*eP¢(B)  in Eq. (7), we get

16acEy + 2puv — 2c¢ + 2v
B
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with

1 1
u:—§—|—§ 32ac? +4A+ 1 and v=—\/8aE3 —2E.

Applying the AIM, we obtain the energy spectrum as

—9c2

E =25 ((8aEy —1)* + 4aE2) (14)
with
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4 Wave functions

4.1 Hulthén

The wave function is written in terms of Hypergeometric functions
£=Ne (1 —e P B [—n,2u+ 2+ 20 +n,2v +1,e7%%),  (15)

where N is a normalization constant [12]

B [+n S Ty + DI+ 1))2T(2u+n)] " 6
[ 20v(v 4 p+n) nIlT(2v +n+ 020 + 21+ n) '
4.2 Coulomb
The wave function in this case is written in terms of Laguerre polynomials
£(B) = Ne VP pH Kummer M|[—n, 2u + 2, 2v/] (17)
with B
N (L 25 D4 2+ 2)(2n + 20 + 2) as)
| \2v n!(LaguerreL[n,2u + 1,0])2

5 Transition rates B(E2)

The general expression for the quadrupole transition operator is [13]

TE? =t D3i o(0:)cos(7) + —=[D37.2(6:) + D (6 sin(3)]],  (19)

1
V2
where ¢ denotes a scalar factor and D12v7,2 (0;) is the Winger functions of Euler
angles.

The B(E2) transition rates are given by [3]

B(E2,nLn,K — n'L'n’,K)=t*(L2L'|K,K' — K, K')*I’ | .. 1/, (20)

where (L2L'|K, K' — K, K') are Clebsch-Gordan coefficients and

[ /0 B 1.(B)ew 1/ (B)B2dB 1)

6 Numerical results

6.1 Spectra of y-rigid nuclei

The formulas of the energy spectrum, obtained by the equations 12 and 14, are
used to calculate the excitation energies of y-rigid nuclei. The energy spectrum
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of Coulomb potential depends on two parameters («, ¢ ), while in the Hulthén
potential, it depends on («, J). All these parameters have been set by fitting the
excitation energies normalized to the energy of the first excited state F(2]). We
evaluate the root mean square (rms) deviation between theoretical values and the

Figure 1. The energy ratios in the absence of ML and in its presence
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experimental data by

_ [ Bew) — B
i ¢ o~ )BT )? )

where m is the number of states, while F;(exp) and F;(th) represent the theoret-
ical and experimental energies of the i" level, respectively. F(2]) is the energy
of the first excited level of the ground state band.

From Eq. (9) and (8), one can see that both potentials have mathematically
similar behaviors. If we give the same value to the parameter ¢ in Coulomb
potential (Eq. (8)) and § in the Hulthén one (Eq. (9)), we get overcome curves.
Figure (1) shows that in the absence of minimal length case, the obtained results
for energy ratios with both potentials are identical for all even-even nuclei, while
in its presence, the calculated energy ratios Ry, with Hulthén potential are

Table 1. The comparison of the obtained results by the two equations: (12) and (14), for
the ground state band (n = 0) and the 8 band (n = 1) with the experimental data [14].
The values of free parameters is also shown

Nucleus Ro4 Roe Ros Roio Rio Ri2 Ria Rig « é c o
104Ry Exp 248 435 648 8.69 276 423 58I

H 282 478 649 785 391 451 562 0.00003 0.003 0.63

C 4121 542 606 642 411 463 551 0.58 -1.31 1.36
120Xe Exp 244 423 634 877 282 395 531

H 281 475 643 7.76 3.89 4.48 558 0.00003 0.003 0.70

C 407 535 598 633 406 458 544 0.58 -1.31 143
122Xe Exp 2.50 443 6.69 9.18 347 451

H 286 494 681 834 4.18 479 0.00004 0.003 0.58

C 429 567 635 672 429 484 0.58 -1.31 1.53
124Xe Exp 248 437 658 896 3.58 4.60 5.69

H 285 489 671 819 4.10 470 5.86 0.00003 0.003 0.47

C 425 561 628 665 425 479 571 0.58 -1.31 1.32
148Nd Exp 249 424 6.15 819 3.04 388 532 7.12

H 279 468 630 7.58 3.77 436 544 6.63 0.00003 0.003 0.49

C 407 536 599 634 407 458 545 600 0.58 -1.31 131
150sm Exp 2.32 3.83 550 729 222 3.13 434 631

H 266 427 554 647 323 378 473 570 0.00003 0.004 0.64

C 358 466 519 548 355 400 473 519 058 -1.30 1.17
152Gd Exp 2.19 3.57 5.07 6.68 179 270 3.72 485

H 253 388 486 554 280 331 4.15 4.93 0.00003 0.005 0.67

C  3.17 408 452 477 3.2 352 414 453 041 -1.52 1.06
1720s Exp 2.66 4.63 670 8.89 3.33 356 500 681

H 281 476 645 779 3.88 447 558 6.82 0.00003 0.003 0.63

C 419 552 617 654 418 472 561 6.18 0.8 -1.31 1.29
190Hg Exp 2.50 4.26 3.07 3.77 474 6.03

H 268 431 3.44 3.88 4.58 5.02 0.00004 0.004 0.16

C 348 451 3.48 451 501 530 0.95 -1.02 0.66
192pt  Exp 248 431 638 8.62 3.78 4.55

H 284 485 6.629 806 4.02 4.63 0.00003 0.003 0.41

C 418 550 6.16 652 417 471 0.58 -1.31 1.33
196pt  Exp 247 429 633 856 3.19 383

H 280 472 637 7.68 382 441 0.00002 0.003 0.60

C 403 529 591 626 402 453 0.58 -1.31 1.41
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Table 2. The comparison of the present model with experimental data, for theoretical pre-
dictions calculated with the two potentials: Hulthén and Coulomb, for B(E2) transition
rates [15]

41—21 61—41 81 —61 101 —81 0g—21 23—21 25—41 25—0pg
21 —01 21 —07 29—07 2;—07 21—01 27 —07 21 —01 27 —01
100Mo Exp 1.86(11) 2.54(38) 3.32(49) 2.49(12) 0 0.97(49) 0.38(11)
H 1.88 333 6.16 11.26 1.52 0.14 2.29 298 0.84
C 2.25 1.41 0.76 043 141 4.88 0.73 0.07 1.06
108Ru Exp 1.65(20)
H 1.59 2.13 2.88 3.98 0.56 0.08 0.58 204 0.05
c 2.61 1.71 0.93 0.53 1.98 5.82 0.77 0.04 0.96
128Xe Exp 1.47(15) 1.94(20) 2.39(30)
H 1.73 2.65 422 6.83 0.97 0.11 1.25 252 048
C 2.44 1.57 0.85 0.48 1.71 5.39 0.75 0.05 0.83
146Nd Exp 1.47(39)

Nucleus

H 1.80 2.97 5.11 8.84 1.23 0.13 1.73 276 0.33
C 2.35 1.50 0.81 0.45 1.57 5.15 0.74 0.06 0.88
148Nd Exp 1.62 1.76 1.69 0.54 0.25 0.28

H 1.71 2.57 3.99 6.33 0.90 0.11 1.14 245 0.59

c 2.49 1.61 0.87 0.49 1.78 5.50 0.76 0.05 091
150Sm Exp 1.93(30) 2.63(88) 2.98(158) 0.93(9) 1.93

H 1.78 2.86 4.81 8.15 1.14 0.12 1.56 268 0.57

c 2.40 1.53 0.83 047 1.64 5.26 0.74 0.05 0.76
1720s Exp 1.56(6) 1.82(10) 1.99(11) 2.29(26) 0.33(5)  0.04  0.12(1) 0.62(6)

H 1.70 2.52 3.87 6.06 0.87 0.11 1.07 242 1.01

C 2.50 1.62 0.88 0.50 1.81 5.54 0.76 0.05 1.16
190Hg EXp

H 1.77 2.83 473 7.97 1.12 0.12 1.52 2.66

C 2.37 1.51 0.82 0.46 1.60 5.20 0.74 0.062
192py Exp 1.56 1.22

H 1.68 2.46 3.72 5.75 0.82 0.10 1.00 237 048

c 2.50 1.62 0.88 0.49 1.80 5.54 0.76 0.050 0.09
196pt Exp 1.48(2) 1.80(10) 1.92(25) =0 0.12

H 1.70 2.54 3.93 6.19 0.89 0.11 1.10 243 0.60

C 2.48 1.60 0.87 0.49 1.77 5.48 0.759 0.05 0.63

fairly better than those obtained with Coulomb one. The best candidate nuclei
for the model with Hulthén potential are: 720s, 192Pt, 196Pt and '*°Hg.

7 Conclusion

In this work, we have solved the Bohr-Mottelson Hamiltonian in the ~y-rigid
regime within the minimal length formalism with two well-known potentials:
Coulomb and Hulthén.

From the comparison between the energy spectra and transition probabilities
in the two cases: presence and absence of the minimal length, one can conclude
that the obtained results with Hulthén potential within the ML are better. This
latter reproduces well the X (3) candidates which already have been obtained
including the predicted new one: '“°Hg.
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