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Abstract. Exploiting exact and partial symmetries to unmask simplicity within
complexity, which remains the ‘holy grail’ of nuclear structure physics, is con-
sidered within its historical context and as now being advanced through modern
ab initio methods. Some results for light to medium mass nuclei are shown,
as well as a possible path forward for consideration of even heavier nuclei is
proffered.

1 Introduction

A central challenge of nuclear physics is to describe nuclei in terms of the funda-
mental strong force, and especially by gaining a deeper understanding of emer-
gent patterns found within many-nucleon systems. To this end, we employ the
ab initio (from ‘first principles’) symmetry-adapted no-core shell model (SA-
NCSM) [1, 2] that links the structure of a nucleus to its fundamental building
blocks; namely, the properties of two or three nucleons that are consistent with
the underlying symmetries and symmetry-breaking patterns of quantum chro-
modynamics (QCD) of quarks and gluons.

Within the NCSM framework, a complete model space is organized into
levels of the harmonic oscillator (HO), each of which is separated in energy
from its neighbors by ~Ω. Interactions among particles within a level, as well
as between particles in neighboring levels, is accounted for up to some Nmax

cutoff which is the maximum total number of oscillator quanta above the lowest
HO configuration for a nucleus. This cutoff is used to throttle the infinite model
space down to a finite size, for which convergence of results needs to be ensured
within the memory constraints of a computer on which the calculations are being
performed. In theNmax→ infinity limit, the theory encompasses the entire shell-
model space.

Here, we present a symmetry-guided strategy that utilizes exact as well as
partial symmetries to move beyond the Nmax truncation concept; thereby, en-
abling an exploitation of ab initio concepts through a deeper appreciation for
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the role emergent symmetries play in determining microscopic structures over
a broad range atomic nuclei. Specifically, our symmetry-adapted no-core shell-
model is a novel framework that capitalizes on symmetries - exact and partial
- that when fully appreciated and applied can be used to extend the reach of
the NSCM to heavier nuclei. The SA-NCSM is governed by two special sym-
metries that are key to understanding the structure and dynamics of atomic nu-
clei; namely, the symplectic Sp(3,R) group and its deformation-related SU(3)
subgroup. Further, as also illustrated below, these symmetries can be used to
identify dominant features of QCD-inspired interactions.

2 Dominant Features of Realistic Interactions

Basic building blocks of ab initio models are QCD-inspired realistic interactions.
A nuclear interaction is considered realistic if it reproduces low-energy nucleon-
nucleon scattering data to high precision, and precisely describes the properties
of the two-nucleon deuteron system. Additionally, the theory shows that weaker
three-nucleon (3N) interactions become necessary for a description of A > 2
systems; however, their inclusion results in an explosive growth of computa-
tional resources necessary for many-body calculations. To address this difficulty,
various two-nucleon interactions have been designed, which partially account
for 3N effects. Examples of such interactions include JISP16 [5], INOY [6] and
NNLOopt [7].

Two-body interactions that are used in various shell models (e.g., NCSM
[11,12]) are typically represented in a JT -coupled HO basis |rsJMTTZ〉 where
r and s label two interacting nucleons and represent the set of single-particle
quantum numbers {η(l 12 )jt = 1

2} with η = 0, 1, 2, ... being the oscillator
shell number. Any interaction can be transformed from the JT -coupled ba-
sis representation into a basis for the SA-NCSM, the SU(3)-coupled HO ba-
sis, |ηrηs(λµ)(LS)JMTTZ〉, via a unitary transformation [8]. When using the
SU(3)-basis, the significance of various interaction terms can be estimated by
the norm of the corresponding interaction SU(3) tensor (analogous to the norm
of a matrix A defined as ||A|| =

√∑
ij AijAji). This transformation allows

one to decompose the interaction into its SU(3) components, each possessing a
certain strength. Figure 1 shows the decomposition of the realistic JISP16 inter-
action. As can be seen from these results, only a small number of SU(3) tensors
dominate the interaction, with the vast majority of the components having less
than 1% of the total strength. Similar pictures can be seen for other interactions.
It should be noted that in the JT -coupled basis, no such dominance of inter-
action matrix elements is apparent. This exercise demonstrates a long-standing
principle that holds across all of physics; namely, one should work within a
framework that is as closely aligned with the dynamics as possible.

Using the decomposition of the interaction in the SU(3) basis we can choose
sets of major components to construct new ‘selected’ interactions. These inter-
actions can be used for calculations of various nuclear properties that can be
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Figure 1. Relative strengths for the SU(3)-coupled JISP16 NN interaction with ~Ω = 15
MeV in the Nmax= 12 model space. T is the isospin of the two nucleon system. Each
component is specified along the abscissa by a set of (λµ)S quantum numbers. Only
components that have more than 1% of the relative strength of the interaction are shown
in the plots; there are 242 more components with less than 1% for T=0 and 212 more for
T = 1.

compared to the results from the initial interaction. In this way, we can examine
how sensitive specific nuclear properties are to the interaction components.

Figure 2 shows excitation energies of 12C calculated with the JISP16 ~Ω =
15 MeV interaction (corresponding to the ratio of interaction components being
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Figure 2. First 2+ and 4+ excitation energies for 12C from SA-NCSM calculations (con-
nected lines) compared with experiment [9] (horizontal bars on the far right). Results
for Nmax= 6, 8 and 10 are shown for various truncations of the JISP16 interaction with
~Ω = 15 MeV. Specifically, the value 1 on the abscissa indicates the full interaction
(100%) was used, while an abscissa value of 0.4 implies that only the most significant
(and structurally the simplest) 40% of the tensors were retained, etc.
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Figure 3. RMS radius (fm) of the 12C ground state (experimental value from Ref. [10])
calculated using JISP16 interaction with ~Ω = 15MeV and the corresponding selected
interactions.

unity) and several selected truncations of the interaction. As the plot shows, with
only half of the interaction terms the excitation energies essentially do not differ
from the corresponding full interaction results, and even with less than 30% of
the interaction components the deviation for most of the values is insignificant.
The comparatively large deviation in 4+ energy for Nmax= 6 that happens when
about 20% of the SU(3) components are used is likely due to the small model
space. This issue disappears in higherNmaxvalues, and evenNmax= 6 results for
the 2+ state compare remarkably well to the initial interaction for all selections.

The selected interactions yield very close results to the initial one for other
observables as well. Figure 3 shows the results for 12C rms radius of the ground
state using the same interactions as for the excitation energies. Specifically,
the values are essentially the same when half of the interaction components are
used. With less than 30% of interaction components, the difference from the
initial interaction results is less than 2%.

In summary, the SU(3) coupling scheme can be used to pare down an in-
teraction to a relatively small subset of terms that are responsible for the bulk
of the underlying low-energy physics. And this, in turn, suggests a potentially
powerful tool for constructing new realistic interactions.

3 Exploiting New Patterns in the SA-NCSM

The SA-NCSM framework has enabled a major breakthrough; namely, discover-
ing highly organized patterns in the nuclear wavefunctions that emerge from first
principles [1]. To take a full advantage of these ordered substructures, one can
utilize neural networks and their ability to detect patterns. The SA-NCSM wave-
functions can be decomposed in terms of SU(3) basis states each possessing a
certain probability. The neural network can be trained on these wavefunctions
and then be applied to predict probabilities of basis states for another nucleus.
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Figure 4. Neural network predictions for the structure of 16O (“predicted”), as compared
to complete SA-NCSM nuclear simulations (“expected”), with the aim to predict heavier
nuclei inaccessible to SA-NCSM calculations.

Figure 4 shows preliminary predictions for the important basis states needed for
SA-NCSM calculations of 16O ground state, with a neural network trained on
4He, 12C and 14C wavefunctions. This method intends to additionally broaden
the reach of SA-NCSM to larger model spaces and heavier nuclei.

Complementary to this, it is also possible to extend the computational ca-
pabilities of SA-NCSM to heavier nuclei by incorporating deformation into the
construction of the basis states. This is carried out by canonical transformations
that preserve the commutation relations between coordinates and momenta [13].
This, in turn, allows us to use the full capabilities of algebraic methods and group
symmetries when utilizing deformed basis, since the canonical transformations
preserve not only the Heisenberg algebra but also the Sp(3,R) algebra. Since
nuclei have intrinsic deformation, a basis tailored to capture deformation would
allow us to treat calculations conducted in smaller model spaces equivalently to
those done in large model spaces with non deformed basis.

4 Reactions with Symmetry-Adapted Basis

Ab initio SA-NCSM calculations have now been extended into and even beyond
the intermediate mass region, including odd-A nuclei and negative parity states.
In addition to being able to describe the structure of intermediate and medium
mass nuclei, recent work with the SA-NCSM has also illustrated an ability to
capture other important features of nuclei, including dynamic properties. For
example, starting from the symmetry-adapted wave functions, we can calculate
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Figure 5. Ab initio SA-NCSM calculations with the chiral NNLOopt NN interaction
for the monopole response functions in 20Ne at ~Ω = 15 MeV in 11 HO major shells.
The responses are folded with a Lorentzian of 2 MeV width. The insets show one-body
density (in the intrinsic frame) for the ground state (0+) and the lowest 1− excited state.

response functions via the Lanczos response function method [14, 15], which
describes the nuclear response to an external probe. If a probe is able to excite
the ground state, the final states to which it connects and the strength of those
transitions can provide information about how those states are related to one
another. We can use this approach to study, for example, the structure of giant
resonances from first principles. In Figure 5 we show the monopole response
function for 20Ne, as calculated with NNLOopt. In this case the peak in the
giant resonance peak is fragmented in a few different peaks. Moreover, in some
cases it is beneficial to calculate the energy moments of the response functions
also known as electromagetic sum rules. Various electromagnetic sum rules
have been calculated for 4He in the SA-NCSM using the JISP16 interaction as
well as some others and successfully benchmarked against the Hyperspherical
Harmonics method [16], which provides exact solutions for this nucleus [17].

Additionally, the symmetry-adapted framework combined with the resonat-
ing group method (RGM) is also being employed for developing a new ab ini-
tio approach for nuclear reactions involving nuclei up to the medium-mass re-
gion [19, 20]. The use of the SU(3) symmetry in this model enables a reor-
ganization of the large-scale model space into physically relevant basis states
and allows us to study ab initio reactions involving heavier and more exotic
nuclei of astrophysical interest than heretofore. The formalism describes the
target-projectile composite system within an SU(3) RGM framework by using
an SA-NCSM target wave function with SU(3) basis states coupled with the pro-
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jectile states. The model has been applied to phase shifts for proton scattering
off 4He and 20Ne, with the view toward calculating proton-capture reaction rates
of intermediate-mass nuclei of importance to x-ray burst nucleosynthesis [20].

For microscopic calculations of alpha widths and alpha capture reaction
rates, a new formalism has been developed that begins with first-principles struc-
ture calculations to describe alpha-clustering. It can be used to provide a descrip-
tion of alpha-capture reaction rates with impacts on abundance patterns from x-
ray burst (XRB) nucleosynthesis. For narrow resonances, coupling to the contin-
uum is weak and the number of competing channels is greatly reduced, so most
of the physics of the system is described through the overlap of a wave func-
tion for the composite many-particle system, computed with a single symplectic
configuration (consisting of several hundreds of basis states), and a cluster (few-
body) basis for a single cluster partitioning. This proves to be a very powerful
tool for estimating spectroscopic amplitudes, decay widths, and nuclear reaction
rates, with the ability to push toward nuclear reactions involving exotic nuclei
that cannot currently be measured.

5 Conclusion

We discussed applications of the symmetry-adapted basis within an ab initio
framework. Decomposing nuclear realistic interactions in terms of SU(3) com-
ponents allowed us to determine that only a fraction of those components is
sufficient to describe most nuclear properties. Additionally, we presented some
of the recent advances of the SA-NCSM that include calculations of electromag-
netic response functions and sum rules, development of a new ab initio reaction
theory along with the implementation of neural networks for predictions of nu-
clear wave functions and deformed symmetry-adapted basis for reaching heavier
nuclear species. These results point to the ability of a symmetry-adapted basis
to proffer a simpler view of nuclear structure.
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