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Abstract. Elastic scattering of α-particles on medium-weight nuclei 58Ni is
analyzed at energies from 26 to about 175 MeV/nucleon using the original
6-parameter S-matrix model. Energy dependences of the total reaction cross-
sections, nuclear rainbow angles, Fraunhofer crossover angles, and the model
parameters are studied. The behavior of the quantum deflection function and
the S-matrix modulus are investigated as well. The smooth behavior of the stud-
ied quantities and acceptable values of χ2/N obtained in calculations by the
S-matrix model demonstrate the applicability of this model in the entire con-
sidered energy range. The results are compared to the ones obtained from the
optical model.

1 Introduction

In the present paper, we investigate the characteristic features of refraction phe-
nomena observed in the elastic scattering of α-particles on 58Ni nuclei at en-
ergies up to 175 MeV/nucleon [1]. The diffraction and refraction phenomena,
as well as the interaction mechanisms of α-particles with the 58Ni nucleus, are
analyzed using the S-matrix approach in a wide range of energies (from 104 to
699 MeV). The study employs the original S-matrix model [2] and continuing
series of researches [3–5]. By fitting the experimental data on the elastic scat-
tering of α-particles on 58Ni nuclei, we obtain the scattering matrix parameters
for this S-matrix model. The study investigates the cross-section behavior in the
region of the Fraunhofer crossover (where the near and far components of the
scattering amplitude intersect) and the angles of the nuclear rainbow across the
considered wide range of energies for the α-58Ni elastic scattering. In order to
assess the quality of the fitting of the data, which has been obtained using the
S-matrix model, we also have considered the results of the analysis of the elas-
tic α-58Ni scattering using the optical-model (both the phenomenological and
double-folding one) from literature [2, 6, 7].
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The investigation covers the theoretical analysis of the results of several ex-
periments where the differential cross-sections for the elastic α-58Ni scattering
were obtained at different alpha-particle energies Eα, namely: 104 [8], 139 [9],
172.5 [10], 240 [11], 288 [12], 340 [12], 386 [13], 480 [12], 699 [12] MeV. In
addition to the description of the nuclear rainbow phenomenon in elastic α-58Ni
scattering, this article also examines the behavior of the Fraunhofer crossover
angle and the nuclear rainbow angle with energy change, as well as simulta-
neous changes in the shapes of the quantum deflection function and scattering
matrix modulus as functions of angular momentum. The study also considers
the behavior of several parameters as functions of energy, including the nuclear
refraction parameter, the nuclear transparency coefficient, the boundary radii and
the nuclear-surface diffuseness parameters for the regions of strong absorption
and nuclear refraction, as well as the energy dependence of the total reaction
cross section. The results reveal smooth, physically plausible variations in these
parameters with energy, which can be clearly explained in a semiclassical inter-
pretation.

2 Theoretical Framework

In the phenomenological S-matrix model, the interaction between colliding nu-
clei is described directly by the S-matrix, which relates the initial and final states
of the system and contains all needed information about the considered scat-
tering process. In the present study, we use the Faxen-Holtsmark formula to
express the elastic scattering amplitude with the S-matrix elements

f(θ) =

∞∑
l=0

(2l + 1)(Sl − 1)Pl(cos θ), (1)

where θ is the scattering angle, l is the angular momentum, Sl are the diag-
onal matrix elements of the scattering matrix in the representation of angular
momentum, and Pl(cos θ) are the Legendre polynomials. The following origi-
nal parametrization of the S -matrix as a function of the angular momentum is
used [2]:

S(L) = η(L) exp(2i[δr(L) + σc(L)]), (2)

η(L) = exp[ln(ε)g(L,L0,∆0)], (3)

2δr(L) = δ1g
2(L,L1,∆1), (4)

g(L,Lj ,∆j) =
sinh(Lj/∆j)

cosh(Lj/∆j) + cosh(L/∆j)
, j = 0.1 (5)

where L = l + 1/2, η(L) is the modulus of the scattering matrix, δr and σc(L)
are the nuclear (refractive) and Coulomb phase shifts, ε � 1 is a parameter
which defines the nuclear matter transparency, δ1 is the parameter which charac-
terizes the magnitude of nuclear refraction of the scattered waves, Lj and ∆j are
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the parameters which define the linear dimensions and diffuseness of the strong
absorption (j = 0 ) and nuclear refraction (j = 1 ) regions. Therefore, the cho-
sen model contains 6 free parameters: δ1, ε, L0 , ∆0, L1 , and ∆1, which are to
be determined from the fitting procedure. We define the Coulomb phase shift
σc(L) as the phase of the point-like charge scattering by the uniformly charged
sphere having the radius Rc . The explicit expression can be found in Ref. [2].
The nuclear rainbow angle θr is defined as the depth of the minimum of the
quantum deflection function (7).

The differential cross-section of elastic scattering is calculated from the am-
plitude (1) according to

σ(θ) =
dσ

dΩ
= |f(θ)|2. (6)

The quantum deflection function θ(L) is related to the scattering phase
δ(L) = δr(L) + σc(L) by the formula

θ(L) = 2
dδ(L)

dL
. (7)

The parameters of the model have been determined by minimizing the stan-
dard χ2/N value per an experimental point, using a gradient method, to achieve
the best agreement of the calculated elastic scattering cross-section with the ex-
perimental data. A uniform experimental error of 10% was assumed for all the
data considered. The complex structures observed in the elastic scattering cross-
sections, such as the Fraunhofer crossover, have been analyzed using the Fuller
procedure [14], decomposing these cross-sections into the near- and far-side
components, which was somewhat refined to remove certain fictitious contri-
butions, as described in Ref. [2].

3 Results of Analysis of the Elastic ααα-58Ni Scattering

We present the results of the analysis of the data available for the elastic scat-
tering of 4He ions on the 58Ni nucleus in the energy range Eα = 104699 MeV,
which aims to examine the manifestations of the nuclear rainbow and other re-
fraction effects over this wide range of α-particle energies.

We have obtained the S-matrix parameters for the studied scattering cases
by analyzing the experimental data available (9 data sets) for the α-58Ni elastic
scattering. The differential cross-sections of the α-58Ni elastic scattering, calcu-
lated for the picked values of energy based on the S-matrix parametrization in
the form (2)-(5), are given in Figures 1–4, other five can be found in Ref. [1].
When calculating the scattering amplitude, the sum in formula (1) was taken
for a wide enough range of l values to ensure sufficient accuracy of the calcu-
lated cross-sections. The S-matrix parameters have been found by fitting them
to the corresponding experimental data, and further, their dependence on the en-
ergy has been analyzed (see Table 1). In the figures, for comparison, we also
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Table 1. Energy evolution of the S-matrix parameters, the total reaction cross-section σr ,
the nuclear rainbow angle θr , the Fraunhofer crossover angle θcr, and the χ2/N values
for the calculated elastic scattering cross-sections (the values with asterisk were taken
from the experimental data analysis by the optical model)

E, MeV 104 139 172.5 240 288 340 386 480 699

k, fm−1 4.20 4.86 5.42 6.42 7.05 7.67 8.20 9.18 11.2

L0 24.1 27.5 30.0 33.2 38.6 38.6 46.4 46.6 66.1

L1 19.9 24.4 27.0 26.2 38.0 39.9 41.8 49.0 64.2

∆0 2.57 3.53 3.67 4.68 3.92 6.00 7.46 6.38 21.76

∆1 5.10 5.79 6.34 9.91 7.58 9.61 9.73 18.2 11.9

ε× 100 2.41 2.54 3.12 2.98 8.26 4.56 13.2 5.39 45.3

δ1 27.3 21.3 18.9 23.0 9.82 9.50 8.84 7.31 3.49

χ2
S/N 1.5 2.0 1.2 2.7 2 1.1 1.1 4.4 6.9

χ2
opt/N 5.4* 6.2 2.8* - 4.0* 2.6* - 2.6* 5*

σr , mb 1662 1760 1616 1526 1368 1466 1663 1383 1651

θr 78.7 53.9 43.9 33.1 18.2 13.5 12.5 4.2 3.5

θcr 15.0 12.0 9.0 7.0 6.0 4.9 4.8 2.5 2.6

present the differential cross-sections calculated based on the optical model. In
Table 1, the values of χ2/Noptic are also presented for comparison. The analyzed
cross-sections exhibit pronounced refractive scattering patterns (as shown in Fig-
ures 1–4). Generally, for the scattering of 4He on the medium nucleus 58Ni, a

Figure 1. Differential cross-section (ratio to the Rutherford one) of the elastic α−58Ni
scattering at Eα = 104 MeV calculated in the S matrix model (2)-(5) (solid line), its far-
(dashed line) and near-side (dash-dotted line) components; dotted line is for the optical
model. The experimental data are from Ref. [8]. Arrows show the rainbow and crossover
angles.
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Figure 2. The same as in Figure 1 but for Eα = 240 MeV. The experimental data are
from Ref. [11].

Figure 3. The same as in Figure 1 but for Eα = 480 MeV. The experimental data are
from Ref. [12].

Figure 4. The same as in Figure 1 but for Eα = 699 MeV. The experimental data are
from Ref. [12].

81



P.E. Kuznietsov, G.M. Onyshchenko, I.I. Yakymenko, A.V. Anataichuk

distinct manifestation of the nuclear rainbow scattering is observed at all consid-
ered energies, as evidenced by the characteristic shape of the found deflection
functions. The deflection function, denoted by θ(L), displays an approximately
symmetrical shape about its minimum in the region of negative values, which is
an indication of the nuclear rainbow effect.

Based on Figures 1–4, it can be stated that the proposed parametrization of
the scattering matrix makes it possible to accurately describe the complex be-
havior of the differential cross-sections of elastic scattering of α-particles by
58Ni nuclei over wide ranges of energies and scattering angles. The experimen-
tally measured cross-sections exhibit multiple Fraunhofer oscillations at small
scattering angles, followed by a decrease in the amplitude of the oscillations and
the emergence of a broad maximum, indicating the presence of nuclear rainbow
scattering. Besides, the S-matrix model shows sufficiently accurate results in
comparison with the optical model (see the figures and the columns of Table 1
with χ2/N ).

Let us examine the behavior of the S-matrix as a function of the angular
momentum L depending on the projectile energy. Figures 5 and 6 present the
quantum deflection functions θ(L/k) and the modulus η(L/k) versus the quasi-
classical impact parameter L/k for all scattering cases under consideration. It
is seen from Figure 5 that the quantum deflection function θ(L) displays a min-
imum in the region of its negative values at all energies, which is a necessary
condition for the manifestation of the nuclear rainbow effect. As the projec-
tile energy rises, the depth of this minimum decreases considerably. Therefore,
based on Figure 5 and Table 1, it can be concluded that the nuclear rainbow an-
gle θr decreases with increasing energy. Figure 6 shows that the function η(L)
has the form of a “step” with a diffuse surface near L ≈ L0 where η(L) changes
rapidly from the value of nuclear transparency ε up to unity. This corresponds
to the presence of strong absorption of incident α-particles by the 58Ni nucleus
at L < L0.

Figure 5. Quantum deflection function θ(L/k) (degrees) as a function of the impact
parameter L/k (fm) for different energies.
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Figure 6. Dependence of the scattering matrix modulus η(L/k) on the impact parameter
L/k (fm) for different energies.

Considering the values of parameters presented in Table 1 and Figures 7-
9, one can observe their evolution with energy. The boundary radii L0/k and
L1/k, and the diffuseness parameters ∆0/k and ∆1/k follow approximately
linear behavior with a quite low slope angle. The nuclear matter transparency co-
efficient ε gradually increases with (presumably according to an approximately
linear law) with the energy increase. The magnitude of the nuclear scattering

(a)

(b)

Figure 7. The nuclear matter transparency coefficient ε (a) and the magnitude of nuclear
refraction δ1 (b), obtained from the data analysis by the S-matrix parametrization (2)–(5)
for the α-58Ni elastic scattering depending on energy (points). Dotted lines show the
suggested approximating law.
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(a)

(b)

Figure 8. Dependence of (a) the boundary radii L0/k and (b) L1/k (fm) on the energy.
Dotted lines show the suggested approximating law.

(a)

(b)

Figure 9. Dependence of the diffuseness parameters: (a) ∆0/k; and (b) ∆1/k (fm) on
the energy. Dotted lines show the suggested approximating law.
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(a)

(b)

Figure 10. The total reaction cross-section σr (mb) (a); and the nuclear rainbow angle
θr (b), obtained from the data analysis by the S-matrix model for the α-58Ni elastic
scattering depending on the energy (points). Error bars correspond to an assumed 10%
uncertainty. Dotted lines show the suggested approximating law.

Figure 11. Angle of the Fraunhofer crossover θcr , obtained from the data analysis by the
S-matrix model for the α-58Ni elastic scattering as a function of energy (points). Dotted
line shows the suggested approximating law.

phase δ1 decreases approximately according to an inverse exponent law δ1 ∼
exp(−aEα), where a = 0.003 MeV−1. The dependence of total reaction cross-
section σr, nuclear rainbow angle θr and the angle of the Fraunhofer crossover
θcr are shown in Figure 10 (a,b) and Figure 11, respectively.
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4 Conclusion

The presented analysis reveals that the earlier proposed original six-parameter
model of the scattering matrix effectively accounts for the behavior of the dif-
ferential cross-sections of the elastic scattering of α-particles by medium 58Ni
nuclei over wide ranges of scattering angles and energies (104-699 MeV). This
model correctly describes the observed effects of both nuclear diffraction and re-
fraction in the scattering processes under study. The differential cross-sections
of the elastic α-58Ni scattering have exhibited the existence of the nuclear rain-
bow effect at all examined energies within the range of 26175 MeV/nucleon.
By fitting the studied experimental data on α-58Ni elastic scattering, we have
determined the values of the parameters of the used model and have studied the
behavior of the scattering matrix. Additionally, we have studied the energy sys-
tematics of the nuclear rainbow angle θr and the angle of Fraunhofer crossover
θcr of the near- and far-side components in the angular distribution of cross-
sections. We have also investigated the behavior of the shapes of the quantum
deflection function Θ(L) and the modulus of the S-matrix η(L) depending on
energy. It has been found that the deflection function retains a nearly symmet-
rical profile in the region of negative values relative to its rainbow minimum as
the energy increases. Furthermore, the nuclear rainbow angle θr and the angle
of Fraunhofer crossover θcr demonstrate an exponential decrease, exp(−bEα),
with increasing energy. Also, we have analyzed the behavior of parameters of
the S-matrix and their dependencies.

A comparative examination of the accuracy of fitting data in the S-matrix
and optical-model approaches reveals the high quality of fitting achieved us-
ing the proposed six-parameter S-matrix model. This result suggests that the
considered S-matrix approach can be used to study a wide range of refraction
phenomena observed for light-ion scattering on medium and heavy target nu-
clei, and it can also provide additional useful insights into the investigation of
the interaction between nuclei and nuclear structure study.
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