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Abstract.

Investigating wobbling motion provides crucial insights into the fundamental
structure and excitation modes of nuclei, making it a frontier topic in both ex-
perimental and theoretical nuclear structure research. To search for the wobbling
candidates in the realistic nuclei, a reliable theoretical approach is needed to get
the information of the configuration and deformation for a specific nucleus. In
this paper, the combination of relativistic density functional theory with parti-
cle rotor models or five-dimensional collective Hamiltonian approaches will be
used to describe the wobbling candidates. We examine wobbling phenomena
in the odd-mass isotope chains around A ≈ 160, the N = 59 isotones in the
A ≈ 100 region, and the even-even nuclei. These studies reveal the possible
existence of multiple wobbling modes in 167Ta, transverse wobbling candidates
in 97Sr, 99Zr, 101Mo, 103Ru, and 105Pd, as well as even-even wobbler in 112Ru.

1 Introduction

Wobbling motion is a distinctive rotational phenomenon in atomic nuclei with
stable triaxial deformation [1]. In triaxially deformed nuclei, the moments of
inertia differ along the three principal axes, favoring rotation about the axis with
the largest moment of inertia to minimize rotational energy. However, coupling
with rotations about the other axes can cause the nuclear rotation axis to deviate,
resulting in wobbling motion [1]. When a triaxial rotor couples with a high-j
valence particle, two types of wobbling modes emerge: longitudinal wobbling
(LW), where the particle’s or the total angular momentum aligns with the axis
of the largest moment of inertia, and transverse wobbling (TW), where it is per-
pendicular [2, 3]. These modes correspond to the revolution of the total angular
momentum around different principal axes, offering a unique probe of nuclear
structure.

After the concept of wobbling motion was proposed, it was first experimen-
tally confirmed to be 163Lu in 2001 for the one-phonon wobbling excitation [4]
and in 2002 for the two-phonon wobbling excitation [5]. The discovery of the
wobbling nucleus 163Lu has significantly stimulated interest in the search for
other wobbling nuclei, with particular attention focused on nuclei in theA ≈ 160
mass region. Wobbling motion has been identified in 161Lu [6], 165Lu [7],
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167Lu [8], and 167Ta [9, 10]. These nuclei exhibit wobbling bands associated
with the πi13/2 configuration. Recently, 151Eu [11] was identified as a wobbling
nucleus with the πh11/2 configuration. These experimental observations pro-
vide critical insights into the configuration structure and dynamical properties of
triaxially deformed nuclei.

Beyond the A ≈ 160 mass region, wobbling nuclei have also been observed
in the A ≈ 100, A ≈ 100, and A ≈ 190 mass regions. In the A ≈ 100 and 130
regions, wobbling motion has been confirmed in 105Pd [12], 135Pr [13,14], 133La
[15], 130Ba [16, 17], 125Xe [18], 127Xe [19], 133Ba [20], and 136Nd [21, 22].
Notably, 105Pd is the only single-neutron wobbling nucleus identified in theA ≈
100 region. In the heavier regionA ≈ 190, 187Au [23] and 183Au [24] have been
established as wobbling nuclei. Recently, in the light-mass region, 74Br was
proposed as the chiral wobbling nucleus with a πg9/2⊗νg9/2 configuration [25].

The study of wobbling motion has attracted significant attention and has
driven the rapid development of related theoretical work. Notable approaches
include the random phase approximation (RPA) [26–35], the collective Hamil-
tonian method [36–39], and the angular momentum projection technique (or tri-
axial projected shell model) [21,40–42]. The particle rotor model (PRM) is also
widely used [2, 3, 17, 38, 43–55], along with its approximate solutions [56–63].
By coupling the rotational degrees of freedom of the nuclear core with the mo-
tion of valence particles, the PRM provides a systematic and quantitative ap-
proach to analyze wobbling phenomena.

The identification of wobbling nuclei within the nuclear chart requires a the-
oretical framework to elucidate their configuration and deformation characteris-
tics. Relativistic density functional theory (RDFT), grounded in the mean-field
approach, provides a powerful tool for this purpose. RDFT has been instru-
mental in delivering a fully microscopic and universal description of a wide
range of nuclear phenomena [64–68]. Notably, the development of adiabatic
and configuration-fixed constrained triaxial RDFT [69] has enabled detailed in-
vestigations into nuclear configurations and their associated deformations. This
approach has been widely applied to explore the potential existence of nuclear
wobbling [12, 17, 23, 24, 48, 50, 53, 54]. Hence, in this paper, the combination
of RDFT with particle rotor model or five dimensional collective Hamiltonian
approach will be used to describe the wobbling candidates.

2 Wobbling Motion with Single-Proton Configuration

The 160 nuclear region, as the first nuclear region discovered in wobbling mo-
tion, has been extensively studied. In these studies, wobbling bands were estab-
lished on the πi13/2 configuration. In this section, taking 167Ta as an example,
which is identified as a single-proton wobbling nucleus in the πi13/2 configu-
ration [9, 10]. We will explore the possible existence of the multiple wobbling
bands in this nuclei. It is well known that high-j configurations and triaxial de-
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Figure 1. The potential energy curves as functions of deformation β in adiabatic (open
circles) and configuration fixed (solid lines) constrained triaxial RDFT calculation for
167Ta. The local minima in the energy surfaces for the fixed configuration are represented
as stars and labeled as A, B, C, ... in accordance with the increasing β value. The
shaded areas in the right panel of figure represent the triaxial deformation beneficial to
the wobbling mode. Adapted from Ref. [54].

formation are necessary conditions for wobbling motion. Through RDFT, we
can simultaneously obtain configuration and deformation information.

The potential energy curve results for 167Ta, calculated using RDFT with
PC-PK1 interaction [70], are presented in Figure 1. State A exhibits a local min-
imum with a valence nucleon configuration of π(2d5/2)−1(2d3/2)2(1h11/2)−4⊗
ν(1h9/2)−2(2f7/2)4, characterized by deformation parameters β = 0.20 and
γ = 0.0◦. The unpaired nucleon configuration is π(2d5/2)−1, correspond-
ing to an axially symmetric, positive-parity, low-j particle configuration with
the unpaired proton occupying the d5/2 shell. The absence of significant tri-
axial deformation and high-j valence particle configurations precludes the for-
mation of wobbling motion in this state. Similarly, state B, with a configu-
ration of π(2d3/2)1(1h11/2)−4 ⊗ ν(1i13/2)2(2f7/2)2(1h9/2)6, β = 0.25, and
γ = 19.6◦, features an unpaired nucleon configuration of π(2d3/2)1. State D
possesses a valence nucleon configuration of π(2d5/2)−1(1h9/2)2(1h11/2)−4⊗
ν(1i13/2)4(2f7/2)2(1h9/2)4, with β = 0.36 and γ = 22.6◦. Its unpaired nu-
cleon configuration, π(2d5/2)−1, indicates a positive-parity, low-j orbital hole
configuration with the unpaired proton at the apex of the d5/2 shell. The valence
nucleon configuration of state F also resides in low-j orbitals. None of these
configurations are conducive to forming a wobbling band.

In contrast, state C in 167Ta is characterized by a configuration of π(1h9/2)1

(1h11/2)−4 ⊗ ν(1i13/2)4 (2f7/2)4 (1h9/2)6, with deformation parameters β =
0.33 and γ = 26.9◦. The unpaired nucleon configuration, π(1h9/2)1, cor-
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responds to a negative-parity, high-j one-proton configuration exhibiting sig-
nificant triaxial deformation, suggesting the potential for transverse wobbling
(TW) motion. This differs from the currently observed wobbling bands in the
A ≈ 160 mass region, which are based on positive-parity π(1i13/2)1 configu-
rations. Thus, our theoretical findings provide a foundation for further exper-
imental exploration of negative-parity wobbling bands. For state E, the local
minimum configuration is π(1h9/2)3(1h11/2)−4(2d5/2)4⊗ν(1i13/2)4(1h9/2)6,
with β = 0.41 and γ = 18.7◦. The unpaired nucleon configuration, π(1h9/2)1,
mirrors that of state C but with the unpaired proton located in the middle of the
shell, indicating a potential for longitudinal wobbling motion. Consequently,
both states C and E exhibit characteristics conducive to wobbling motion.

The PRM facilitates the evaluation of the rotational properties of predicted
nuclear configurations and their potential to exhibit wobbling modes. With the
obtained deformation parameters from the RDFT calculations, the PRM calcu-
lations were carried out to study the spectroscopic properties [54].

The energy difference ∆E(I) between the doublet bands is an essential cri-
terion for judging the type of wobbling motion. The decreased and increased
∆E(I) indicate, respectively, a TW and LW [2]. The energy difference between

Figure 2. The lowest bands B1 and B2 built on the configuration π(1h9/2)
1 in 167Ta. (a)

The calculated energy spectra minus a common rigid rotor reference in comparison with
the available experimental data in Ref. [10]. (b) Theoretical energy difference between
the doublet bands B1 and B2. Adapted from Ref. [54].
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bands B1 and B2 is calculated as

∆E(I) = EB2(I)− 1

2

[
EB1(I + 1) + EB1(I − 1)

]
. (1)

The PRM calculations well reproduce the experimental data with signature
α = +1/2, as shown in Figure 2(a). Its signature partner band (called as bands
B2) with α = −1/2 is also obtained simultaneously. Using Eq. (1), we calcu-
late ∆E(I) and display it in Figure 2(b), which exhibits a trend of decreasing
initially and then increasing, indicating a transition from TW to LW [2, 3]. The
critical spin occurs at I = 23/2~. This implies the possibility of multiple wob-
bling modes in 167Ta based on the previously observed i13/2 configuration [9,10]
and currently studied h9/2 configuration.

3 Wobbling motion with single-neutron configuration

In the mass region of A ≈ 100, the nucleus 105Pd, with an odd neutron num-
ber N = 59, is a promising candidate for exhibiting wobbling motion. It has
been identified as a TW candidate, with its first wobbling excited state based
on single-neutron configuration [12]. Consequently, investigating the potential
existence of wobbling nuclei in this mass region, particularly within theN = 59
isotone chain, is of significant scientific interest.

In this section, we employ constrained RDFT calculations to investigate the
configurations and triaxial deformations ofN = 59 isotones [50] in theA ≈ 100
mass region, specifically 95Kr (Z = 36), 97Sr (Z = 38), 99Zr (Z = 40), 101Mo
(Z = 42), 103Ru (Z = 44), 105Pd (Z = 46), and 107Cd (Z = 48), to explore
the possible presence of wobbling modes.

To investigate the wobbling modes, the PECs as a function of the deforma-
tion parameter β are calculated for 95Kr, 97Sr, 99Zr, 101Mo, 103Ru, 105Pd, and
107Cd using adiabatic RDFT calculations. The results are presented in Figure 3.
In these calculations, constraints are applied to 〈Q̂2

20 + 2Q̂2
22〉, equivalent to β2,

with triaxial deformations determined automatically through energy minimiza-
tion. In Figure 3, open circles denote the outcomes of adiabatic calculations,
which produce irregular energy curves, with some local minima being too in-
distinct to identify clearly. Configuration-fixed calculations effectively resolve
this issue [69], and their results are depicted as lines in Figure 3. The minima
in each curve are marked by red stars and labeled with capital letters A, B, C,
. . . , in order of increasing β values. The ground-state deformation parameters
derived from these configuration-fixed calculations correspond to local minima
B for 95Kr, G for 97Sr, E for 99Zr, G for 101Mo, C for 103Ru, A for 105Pd, and
A for 107Cd. To sum up, only the nucleus 103Ru has significant triaxial defor-
mation and a high-j particle configuration among these nuclei. Therefore, the
ground state of 103Ru satisfies the both conditions for the wobbling mode.

In addition to the ground state, some excited states might also have the wob-
bling modes. It is interesting to note that the excited states of other nuclei also
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Figure 3. The potential energy curves as functions of deformation β in adiabatic (open
circles) and configuration fixed (solid lines) constrained triaxial RDFT calculation for
95Kr, 97Sr, 99Zr, 101Mo, 103Ru, 105Pd, and 107Cd. The local minima in the energy sur-
faces for the fixed configuration are represented as stars and labeled as A, B, C, ... in
accordance with the increasing β value. The shaded areas in the right panel of figure rep-
resent the triaxial deformation beneficial to the wobbling mode. Adapted from Ref. [50].

have significant triaxial deformation, which indicate that they might have wob-
bling modes as well. The states are as follows: A (β = 0.22, γ = 35.9◦) in 95Kr,
C (β = 0.25, γ = 37.9◦), and D (β = 0.28, γ = 30.0◦) in 97Sr, B (β = 0.31, γ =
23.3◦) in 99Zr, A (β = 0.23, γ = 25.9◦), B (β = 0.27, γ = 22.9◦), and C (β =
0.32, γ = 21.6◦) in 101Mo, B (β = 0.25, γ = 20.4◦) in 103Ru, as well as B (β =
0.23, γ = 22.2◦), C (β = 0.27, γ = 24.9◦), and D (β = 0.29, γ = 30.7◦) in 105Pd.
One notes that the wobbling bands originated from the state C in 105Pd has been
reported experimentally [12].

To present the detailed results of the configuration-fixed constrained RDFT
calculations, the energies, deformation parameters β and γ, valence nucleon
configurations, and unpaired nucleon configurations for the local minima in
95Kr, 97Sr, 99Zr, 101Mo, 103Ru, and 105Pd are compiled in Table 1. The table
shows the information of states with significant triaxial deformation. Analysis
of the table reveals that the following states exhibit both significant triaxial de-
formation and high-j particle conditions: state D (β = 0.28, γ = 30.0◦) in 97Sr,
state B (β = 0.31, γ = 23.3◦) in 99Zr, states B (β = 0.27, γ = 22.9◦) and
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Table 1. The configurations (both valence and unpaired nucleon) as well as the corre-
sponding energies (in MeV) and the deformation parameters β and γ (in degree) for the
local minima in 95Kr, 97Sr, 99Zr, 101Mo, 103Ru and 105Pd obtained by the configuration
fixed constrained triaxial RDFT calculations.

Nucleus State Valence-cfg. Unpaired-cfg. Energy β γ
95Kr A π(2p3/2)

2 ⊗ ν[(1g7/2)
4(2d3/2)

1] ν(2d3/2)
1 −792.53 0.22 35.9◦

97Sr C π[(1g9/2)
2(2p3/2)

2]⊗ ν[(2d3/2)
−1(1g7/2)

−2] ν(2d3/2)
1 −817.80 0.25 37.9◦

D π[(2p3/2)
2(1g9/2)

2]⊗ ν[(1h11/2)
1(1g7/2)

−2] ν(1h11/2)
1 −817.40 0.28 30.4◦

99Zr B π(1g9/2)
4 ⊗ ν(1h11/2)

1 ν(1h11/2)
1 −841.02 0.31 23.3◦

101Mo A π(1g9/2)
4 ⊗ ν[(1g7/2)

−3(2d5/2)
−2] ν(1g7/2)

1 −861.34 0.23 25.9◦

B π[(2p3/2)(1g9/2)
4]⊗ ν[(1h11/2)

1(1g7/2)
6] ν(1h11/2)

1 −861.34 0.27 22.9◦

C π(1g9/2)
6 ⊗ ν[(1h11/2)

1(1g7/2)
6] ν(1h11/2)

1 −861.74 0.32 21.6◦
103Ru B π(1g9/2)

6 ⊗ ν[(1g7/2)
−3(2d5/2)

2] ν(1g7/2)
1 −880.30 0.25 20.4◦

C π(1g9/2)
6 ⊗ ν[(1h11/2)

1(2d5/2)
2] ν(1h11/2)

1 −880.55 0.28 21.3◦
105Pd B π(1g9/2)

−2 ⊗ ν[(1g7/2)
5(2d5/2)

4] ν(1g7/2)
1 −895.65 0.23 22.2◦

C π(1g9/2)
−2 ⊗ ν[(1h11/2)

1(1g7/2)
6(2d3/2)

2] ν(1h11/2)
1 −895.49 0.27 24.9◦

D π(1g9/2)
−2 ⊗ ν[(1g7/2)

5(2d3/2)
2(1h11/2)

2] ν(1g7/2)
1 −895.29 0.29 30.7◦

C (β = 0.32, γ = 21.6◦) in 101Mo, and state C (β = 0.26, γ = 24.9◦) in
105Pd. Consequently, the excited states in 97Sr, 99Zr, 101Mo, and 105Pd are con-
ducive to forming wobbling modes, with their unpaired nucleon configurations
all based on ν(1h11/2)1. Notably, 101Mo exhibits two configurations suitable
for wobbling modes, suggesting the potential for multiple wobbling modes.

4 Wobbling motion in even-even nuclei

The wobbling motion was initially predicted in even-even nuclei without the va-
lence quasi-particles, but the experimental evidence for this is still rare [16]. In
order to inspect the existence of wobbling motion, the spin coherent state (SCS)
probability density distribution P(θ, ϕ) (or called as the azimuthal plot [45,71])
for the orientation of the total angular momentum J on the θϕ-sphere is incor-
porated to the five dimensional collective Hamiltonian [39, 72–75] framework
and and shown in Figure 4 for states in the ground-state band and γ-band for
112Ru. Here, θ is a polar angle between the total angular momentum J and the
long (l) axis, and ϕ is an azimuthal angle in the short-intermediate (sm) plane
measured from the intermediate (m) axis.

For states in the ground-state band of 112Ru, the probability distribution
P(θ, ϕ) exhibits a maximum at ϕ = 0◦, indicating the highest likelihood of
aligning the total angular momentum J along the m axis. In contrast, states in
the γ-band display a minimum at ϕ = 0◦, manifesting as a node along the m
axis due to wobbling excitation relative to this axis. For these γ-band states,
the maximum probability forms a rim encircling the minimum, with P(θ, ϕ)
reflecting the characteristic wobbling motion of J about the m axis. This dis-
tribution aligns with the expected pattern for wobbling motion in such nuclear
configurations.
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Figure 4. The SCS probability densities P(θ, ϕ) calculated by 5DCH for states in the
ground-state band and γ-band of 112Ru. Adapted from Ref. [39].

5 Summary

In summary, we examine wobbling phenomena in the odd-mass isotope chains
around A ≈ 160, the N = 59 isotones in the A ≈ 100 region, and even-even
nuclei. These studies reveal the possible existence of multiple wobbling modes
in 167Ta, transverse wobbling candidates in 97Sr, 99Zr, 101Mo, 103Ru, and 105Pd,
as well as even-even wobbler in 112Ru.
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