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Abstract. Using the quasiparticle finite amplitude method within covariant
density functional theory and the DD-ME2 density-dependent meson-exchange
model, we study isoscalar giant monopole and quadrupole resonances in cal-
cium isotopes. Numerical implementation is examined for 40−44Ca and 48Ca,
showing good agreement with available experimental isoscalar giant monopole
strengths. In the neutron-deficient isotopes 30−38Ca, and in exotic region 56−60Ca,
we identify the well-known monopole-quadrupole coupling that splits the iso-
scalar giant monopole resonance.

1 Introduction

The study of the isoscalar giant resonance [1,2], particularly its monopole com-
ponent, remains essential for advancing our understanding of nuclear forces and
connecting nuclear physics with astrophysics. This collective excitation pro-
vides vital information about the properties of nuclear matter under extreme
conditions and plays a key role in determining nuclear incompressibility, a cru-
cial parameter in the nuclear equation of state. Furthermore, examining this res-
onance helps validate theoretical models and offers insights into astrophysical
phenomena such as neutron star structure and nuclear symmetry energy.

The isovector giant dipole resonance (IVGDR) was initially discovered in
1947 through various methods including photoabsorption, inelastic scattering,
and γ-decay [3, 4]. The isoscalar giant quadrupole resonance (ISGQR) was
subsequently observed between 1971 and 1972 [5, 6], with the isoscalar giant
monopole resonance (ISGMR) being identified later in 1977 [7]. Analysis of
experimental data has led to the establishment of empirical formulas describing
the energies of these resonances [8, 9]. Among them, the ISGMR is particularly
important because of its connection to the nuclear incompressibility coefficient
K0 [10, 11]. Building on this foundation, the present study investigates nuclear
excitation properties through microscopic methods, mainly the Generator Co-
ordinate Method (GCM) and the Random Phase Approximation (RPA). While
GCM combines Hartree-Fock-Bogoliubov states, RPA provides a computation-
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ally efficient framework that accounts for particle-hole excitations. Originat-
ing in condensed matter physics and later adapted to nuclear systems, RPA has
evolved into more sophisticated forms such as QRPA and the Finite Amplitude
Method, enhancing its applicability to nuclear resonance phenomena.

This research focuses on calcium isotopes, which are well suited to examin-
ing complex nuclear phenomena due to their structural properties and magicity
features. It explores resonances in the isoscalar monopole strength distribution,
taking into account the impact of neutron excess. Experimental data reveal en-
hanced monopole strength across various nuclear regions, with some resonances
attributed to isoscalar monopole-quadrupole coupling. To analyse these features,
the study uses relativistic mean field calculations to determine ground state prop-
erties, and the finite amplitude quasiparticle method (QFAM) to study isoscalar
giant monopole and quadrupole resonances in calcium isotopes. The organiza-
tion of this paper is as follows: Section 2 offers a concise overview of the meth-
ods used in our calculations. In Section 3, we detail the numerical procedures,
describe the interactions applied, and present a thorough analysis and discussion
of the results. Finally, Section 4 summarizes the key conclusions derived from
our study.

2 Theoretical framework

The Relativistic Hartree-Bogoliubov (RHB) framework is a powerful approach
for investigating the structural properties, decay modes, and excited states of
both spherical and deformed nuclei. Within this formalism, the nuclear state
is represented by a generalized Slater determinant |Φ >, serving as a vacuum
for independent quasiparticles. These quasiparticles are introduced through a
unitary Bogoliubov transformation, from which the Hartree-Bogoliubov wave
functions, U and V , are obtained as solutions of the RHB equation :(

hD −m− λ ∆
−∆∗ −h∗D +m+ λ

)(
Uk
Vk

)
= Ek

(
Uk
Vk

)
. (1)

In this equation, the operator hD designates the single-nucleon Dirac Hamilto-
nian, whereas ∆ denotes the pairing field, with U and V corresponding to the
Dirac spinors.
The quasiparticle finite amplitude method (QFAM) is formulated on the basis
of the linear response equations [12], which establish the theoretical framework
for investigating the dynamical response of the nuclear system under external
perturbations

(Eµ + Eν − ω)Xµν(ω) + δH20
µν(ω) = −F 20

µν , (2)

(Eµ + Eν + ω)Yµν(ω) + δH02
µν(ω) = −F 02

µν , (3)

In this expression, Eµ and Eν denote the quasiparticle energies, while Xµν

and Yµν represent the transition amplitudes. Specifically, µν corresponds to the
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annihilation of two quasiparticles labeled as ’02’, and µν refers to the creation
of two quasiparticles labeled as ’20’. The term δH signifies the induced Hamil-
tonian resulting from the perturbation of the nuclear system by an external field
F at a frequency ω. Within this framework, the dynamical response of the sys-
tem to external excitations can be systematically investigated, thereby providing
deeper insights into its collective modes and excitation mechanisms.
Finally, the response function can be expressed as follows:

SF (F̂ , ω) = − 1

π
Im
∑
µν

F 20∗
µν Xµν(ω) + F 02∗

µν Yµν(ω), (4)

The quasiparticle finite amplitude method (QFAM) calculations were performed
within the Relativistic Hartree-Bogoliubov (RHB) framework, allowing for a
systematic study of the evolution of monopole resonances as a function of neu-
tron excess,and linking this evolution to their coupling with quadrupole reso-
nances.

3 Results and discussion

The present study adopts the numerical approach described in Refs. [13,14], us-
ing a fully anisotropic axially deformed harmonic oscillator basis withNF = 12
shells for fermions and NB = 20 shells for bosons. Within this basis, the
RHB equations together with the nucleon equations of motion are solved self-
consistently using the covariant density-dependent meson-exchange functional
DD-ME2 [15]. Pairing correlations in open-shell nuclei are treated with the sep-
arable pairing interaction introduced by Tian et al. [16], implemented in coordi-
nate space. Furthermore, a smearing parameter of γ/2 = 1.5 MeV is adopted to
account for the spreading width of the excitations.

The isoscalar giant monopole resonances (ISGMR) for 40−60Ca isotopes
have been systematically calculated using the Quasiparticle Finite Amplitude
Method (QFAM) within the covariant density functional theory framework. These
calculations, presented in Figure 2, provide comprehensive strength distributions
and are directly compared with available experimental measurements for the sta-
ble isotopes 40−44,48Ca. The theoretical analysis covers an extended frequency
range up to 35 MeV with a fine energy resolution step of 0.25 MeV, ensuring
accurate reproduction of both the main resonance peak and any fragmentation
structure. The theoretical predictions show good agreement with experimen-
tal data. For the doubly magic 40Ca nucleus, the calculated ISGMR centroid
energy shows remarkable precision with deviations of less than 1.5 MeV from
experimental values, validating the theoretical framework where shell effects are
most pronounced. The agreement remains acceptable for 42Ca with deviations
below 3 MeV, despite the added complexity of unpaired neutrons beyond the
N = 20 shell closure. Similarly, 42Ca maintains good theoretical-experimen-
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Figure 1. continued on the next page.
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Figure 1. The calculated isoscalar monopole strengths in some Mo isotopes, within DD-
ME2 model. The strengths are compared with the available experimental data.

76



Isoscalar Giant Resonances in Calcium Isotopes using CDFT and ...

tal consistency with deviations less than 3 MeV, while the semi-magic 42Ca
(N = 28) exhibits particularly strong agreement with deviations under 2 MeV.

For the neutron-deficient 30Ca, we observe a characteristic two-peak struc-
ture with a dominant low-energy peak at approximately 14 MeV and a prominent
high-energy shoulder around 23 MeV, indicating significant prolate deformation.
As neutrons are added progressing through 32Ca, 34Ca and neighboring isotopes,
the main peak undergoes splitting into two components, with the primary peak
systematically shifting toward higher energies while the high-energy shoulder
becomes progressively reduced. This evolution reflects the gradual transition
from strongly deformed prolate configurations toward more spherical shapes as
the isotopes approach the valley of β-stability. For nuclei located near the val-
ley of stability (40Ca to 52Ca), the ISGMR exhibits a single, well-defined main
peak, providing clear evidence of spherical nuclear shapes. This behavior is par-
ticularly pronounced for the magic nuclei 40Ca (Z = 20, N = 20) and 48Ca
(Z = 20, N = 28), where shell effects strongly favor spherical configurations.
The theoretical predictions show good agreement with experimental data in this
region, with deviations of less than 1.5 MeV for 40Ca, less than 3 MeV for
42Ca and 44Ca, and less than 2 MeV for 48Ca. However, as we move into the
neutron-rich regime beyond 52Ca, the ISGMR structure undergoes another dra-
matic transformation. The previously unified main peak begins to split again, but
now the fragmentation occurs predominantly on the low-energy side, creating a
characteristic asymmetric profile. This low-energy splitting pattern indicates the
emergence of oblate deformation in neutron-rich calcium isotopes, driven by the
occupation of high-j intruder orbitals and the development of significant neutron
skin effects.

On the other hand, we have systematically analyzed, in Figure 2, the isoscalar
giant quadrupole resonance (ISGQR) strength distributions as a function of ex-
citation energy across the same isotopic chain. A striking correlation emerges
from these complementary calculations: the ISGQR peaks are positioned pre-
cisely at the energies corresponding to the monopole shoulders observed in the
ISGMR spectra. This remarkable energy coincidence provides compelling ev-
idence that the shoulder structures in the monopole response are not merely
fragmentation artifacts, but rather arise from fundamental monopole-quadrupole
coupling mechanisms. In deformed nuclei, the breaking of spherical symmetry
leads to strong mixing between different multipole modes, particularly between
the L=0 (monopole) and L=2 (quadrupole) excitations. Therefore, we can con-
clusively demonstrate that the rising shoulders observed in the ISGMR strength
functions are the direct result of the coupling between monopole and quadrupole
modes, representing a fundamental signature of nuclear deformation and collec-
tive mode mixing. This coupling becomes particularly pronounced in regions
where the nuclear shape deviates significantly from sphericity, explaining why
the shoulder structures are most prominent in the deformed prolate (30−34Ca)
and oblate (neutron-rich) regions, while remaining suppressed in the spherical
valley of stability.
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Figure 2. continued on the next page.
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Figure 2. The calculated isoscalar quadrupole strengths in 30,60Ca isotopes, using DD-
ME2 model.
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4 Conclusion

This systematic investigation of isoscalar giant resonances in 30,60Ca isotopes
using QFAM within covariant density functional theory has revealed the inti-
mate connection between nuclear deformation and collective excitation modes.
The three-phase evolution of ISGMR structurefrom prolate two-peak patterns
through spherical single peaks to oblate low-energy splittingdirectly reflects the
underlying shape transitions across the isotopic chain. The identification of
monopole-quadrupole coupling as the mechanism driving shoulder formation
represents a fundamental breakthrough in understanding collective mode inter-
actions. Our theoretical predictions achieve excellent agreement with exper-
imental data (deviations ¡1.5-3 MeV), validating the approach and providing
confidence for predictions of unmeasured neutron-rich isotopes.
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