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Abstract. Symplectic symmetry approach to clustering (SSAC) with the essen-
tial group structure Sp(6, R)R ⊗ Sp(6, R)C ⊗O(A− 2) ⊂ Sp(6(A− 1), R)
is applied to the microscopic description of the lowest Kπ = 0+1 , Kπ = 0−1 ,
and Kπ = 0+2 rotational bands in the classical two-cluster α + 16O → 20Ne
nuclear system. The latter consists of two scalar SU(3) clusters, so in this par-
ticular case the more complete cluster dynamics within the SSAC is reduced
to a pure intercluster dynamics of the R-subsystem only. A good description
for the excitation energies of these three bands, as well as for the experimen-
tally known B(E2) transition probabilities between the states of the ground
band without the use of an effective charge, is obtained. For this purpose a
simple vertical-mixing term of algebraic nature is added to the dynamical sym-
metry Hamiltonian, which mixes different irreducible representations from the
so-called stretched SU(3) states associated with the relative-motion cluster ex-
citations.

1 Introduction

Clustering is a well established phenomenon in light nuclei [1–4]. In nuclear
physics, most cluster states involve the α particle. The α cluster structure is
primarily found for nuclei nearN = Z, recognized early in the nuclear structure
theory [5]. Different models of clustering in atomic nuclei have been proposed
(see, e.g., [3, 4, 6–9]). The simplest variant is provided by the large class of
two-cluster models.

As other nuclear structure models, the various cluster models roughly can
be divided into two groups − microscopic and phenomenological models. The
main characteristic that distinguishes between the two groups is provided by the
Pauli principle. In microscopic models of nuclear structure, the nuclear states are
described by antisymmetric many-nucleon wave functions and the Pauli princi-
ple is fully respected. Then the relative motion of the clusters is described by
the wave functions of the many-particle Hilbert subspace spanned by the Pauli-
allowed states. The interaction in the microscopic cluster models, however, can
be either of phenomenological or modern high-precision realistic type inspired
from the QCD. In the present work we use a simple phenomenological interac-
tion of algebraic nature.
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The crucial role of the Pauli principle in the models of nuclear structure has
recently been shown in [10]. It turns out that it is not very easy to account for
the Pauli principle within the framework of different cluster models. The meth-
ods to obtain antisymmetric states are often quite involved. It is most readily
taken into account within the algebraic models of nuclear structure, in which all
model observables (e.g., Hamiltonian and transition operators) are expressed in
terms of dynamical groups and spectrum-generating algebras (SGA) [11]. There
are different algebraic cluster models, among which we mention the algebraic
cluster model (ACM) [12–15], the nuclear vibron model (NVM) [16–20], the
semimicroscopic algebraic cluster model (SACM) [21,22], the semimicroscopic
algebraic quartet model (SAQM) [23].

Recently, a fully algebraic microscopic symplectic symmetry approach to
clustering (SSAC) in the atomic nuclei has been proposed for the two- [24] and
the general multicluster nuclear systems [25], in which the Pauli principle is
fully satisfied. It starts with Sp(6(A − 1), R) group, which is the dynamical
group of the whole many-particle nuclear system and contains various nuclear
excitations − collective, single particle, cluster, etc. A certain type of nuclear
excitations can be isolated by reducing Sp(6(A − 1), R) in different way. The
cluster physics in the two-cluster nuclear case is represented by the following
group structure Sp(6, R)R⊗Sp(6, R)C⊗O(A−2) ⊂ Sp(6(A−1), R), in which
Sp(6, R)R ⊗ Sp(6, R)C describes both the inter and internal cluster excitations
on the same footing, while the group O(A − 2) allows to ensure the proper,
physical permutational symmetry of the nuclear cluster system.

The SSAC has been applied to the description of low-lying rotational bands
of positive- and negative-parity states in the two-cluster 20Ne + α→ 24Mg [24]
and the four α-cluster [25] nuclear systems, respectively. The purpose of the
present work is to apply the SSAC to the classical two-cluster α + 16O→ 20Ne
nuclear system. In particular, we consider the microscopic description of the
lowest three well-known experimentally established Kπ = 0+1 , Kπ = 0−1 , and
Kπ = 0+2 cluster bands in 20Ne.

The structure of the low-lying collective states in 20Ne has been studied in
different microscopic shell-model algebraic approaches. From the early works
(see a review paper by Harvey [26]), we mention that of Akiyama, Arima, and
Sebe [27], in which the shell-model calculations have been performed for some
ds-shell nuclei using a phenomenological effective interaction of the central
Yukawa type. It has been shown that the SU(3) multiplets (8, 0) and (6, 1), with
corresponding space symmetry [4] and [31], exhaust up to 95% of the structure
of the ground state band. The dominant SU(3) component is given by the (8, 0)
multiplet and is about 80−90% for different angular momentum states within the
ground band. Microscopic shell-model calculations of the structure of ground
band and first few resonance excited bands in 20Ne have been performed within
the framework of the microscopic Sp(6, R) model of collective motion by using
a simple phenomenological interactions of algebraic form [28,29]. These calcu-
lations showed that the dominant contribution to the microscopic structure of the
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ground band states is provided by the so-called stretched states which are SU(3)
states of the type (λ0 + 2n, µ0) with n = 0, 1, 2, . . . [30]. In particular, 90%
of the 20Ne ground state comes from the (8, 0), (10, 0) and (12, 0) stretched
states [28]. The results of [28] showed an excessive collectivity compared to the
experimental data. Finally, ab initio large-scale multi-shell calculations within
the framework of the symmetry-adapted no-core shell model [31], in which the
U(3) ⊗ SU(2)Sp ⊗ SU(2)Sn coupled basis is used with no a priori symmetry
constraints, have been applied to the description of low-energy nuclear structure
in some light nuclei, including 20Ne, using various QCD-inspired realistic in-
teractions. Unfortunately, only the ground band in 20Ne was considered with
the intraband B(E2) transition strengths up to L = 4, in which the structure is
dominated by a single deformed shape that results from the leading SU(3) irrep
(8, 0).

Despite of the well pronounced collectivity of the observed rotational bands,
actually 20Ne exhibits a complicated character revealed by the more detailed
shell-model culculations. Indeed, the microscopic calculations of Ref. [32], ex-
ploring the competition between the quadrupole and L-paring coupling schemes
in the ds nuclear shell, indicate that 20Ne lies very close to the critical point
between the SU(3) and O(6) shell-model limits. Thus, this nucleus serves as a
good example that can be used to test the different collective models of nuclear
structure.

2 Theoretical framework

In order to avoid the problem of the center-of-mass motion we consider them =
A−1 translationally invariant relative Jacobi coordinates qis of the whole nuclear
system. One linear combination of the (A−1) Jacobi vectors, denote it by {qR},
will describe the intercluster motion of the two clusters. The remaining (A− 2)
Jacobi vectors are then related to the intrinsic structure of the two clusters. The
SSAC in atomic nuclei for two-cluster nuclear systems, i.e. A = A1 + A2, is
defined by the following reduction chain [24]:

Sp(6(A− 1), R)
⊃ Sp(6, R)R ⊗ Sp(6(A1 − 1), R) ⊗ Sp(6(A2 − 1), R)
⊃ Sp(6, R)R ⊗ Sp(6, R)C ⊗ O(A− 2)

〈σR〉 〈σC〉
⊃ UR(3) ⊗ UC(3) ⊃ U(3) ⊃ SO(3),

[ER1 , 0, 0] [EC1 , E
C
2 , E

C
3 ] [E1, E2, E3] κ L ,

(1)

where Sp(6, R)C andO(A−2) denote the corresponding direct-product groups:
Sp(6, R)C ≡ Sp(6, R)C1

⊗Sp(6, R)C2
andO(A−2) ≡ O(A1−1)⊗O(A2−1),

related to the subspaces spanned by the sets qC1
= (q1, . . . , qA1−1) and qC2

=
(q1, . . . , qA2−1) of the Jacobi coordinates of the two clusters. The essential
dynamics within the SSAC is governed by the group structure Sp(6, R)R ⊗
Sp(6, R)C , where Sp(6, R)R describes the intercluster excitations, whereas
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Sp(6, R)C is associated with the internal excitations of the clusters. In this
respect we note that the group Sp(6, R)C is also of physical significance, since
for the general case of nonscalar UC(3) internal structures it indicates that many
cluster excitations play an important role in the more complex cluster dynamics.
Note also that the Sp(6, R)C representations are infinite-dimensional, i.e. they
include infinite number of UC(3) multiplets. In practical applications one needs
to consider only one or a few (lowest)UC(3) representations coupled to the large
variety of the relative motions contained in the respective Sp(6, R)R represen-
tations, the latter also truncated up to a certain energy. Otherwise, especially
when the excited UC(3) multiplets are included, the model space becomes very
quickly too large and the well-known shell-model explosion problem arises.

From another side, the proper permutational symmetry in the SSAC is en-
sured via the orthogonal group O(A − 2) ≡ O(A1 − 1) ⊗ O(A2 − 1) by con-
sidering the reductions O(Aα − 1) ⊃ SAα with α = 1, 2, i.e.

O(A1 − 1) ⊗ O(A2 − 1)

ω1 ω2

∪ δ1 ∪ δ2 (2)
SA1 ⊗ SA2

f1 f2

where ωα = (ωα1 , ω
α
2 , ω

α
3 ) denote the irreducible representations of the cor-

responding O(Aα − 1) group, related to the specific microscopic shell-model
structure of the two-cluster nuclear system. Particularly, all O(Aα − 1) irre-
ducible representations that contain an SAα permutational symmetry fα of the
type [4k4 , 3k3 , 2k2 , 1k1 ] (referred further as a physical permutational symmetry)
are Pauli-allowed and retained in the shell-model spaces of two clusters. For
some permutational symmetries fα a multiplicity index δα is required. The
Pauli-allowed O(Aα − 1) irreps by their dual representations determine the
Pauli-allowed bandhead structures (i.e., corresponding lowest-grade UCα(3) ir-
reps) of the Sp(6, R)Cα groups in the direct-product group Sp(6, R)C . This pro-
vides us with a set of Pauli-allowed SUCα(3) shell-model irreps for each major
shell, arranged by their underlying physical permutational symmetry. The proper
permutational symmetry between the clusters within the whole two-cluster nu-
clear system, in turn, is obtained by taking the outer product f1 ⊗ f2 of these
SAα irreps.

Introducing the standard creation and annihilation operators of three-dimen-
sional harmonic oscillator quanta

b†Ri =

√
µωR
2~

(
qRi −

i

µωR
pRi

)
, bRi =

√
µωR
2~

(
qRi +

i

µωR
pRi

)
, (3)
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the group of intercluster excitations Sp(6, R)R can be represented by means of
the following set of generators

FRij = b†Ri b†Rj , GRij = bRi b
R
j , (4)

ARij =
1

2

(
b†Ri bRj + bRj b

†R
i

)
, (5)

i.e. Sp(6, R)R ≡ {FRij , GRij , ARij} [24]. In Eq. (3) µ =
( A1A2

A1 +A2

)
M is the

reduced mass and we chose ωR =
(A1 +A2

A1A2

)
ω, so that for the oscillator length

parameter we obtain b0 =
√
~/(µωR) =

√
~/(Mω). As can be seen, the oper-

ators (4) create or annihilate a pair of oscillator quanta, whereas the operators (5)
preserve the number of quanta and generate the subgroup UR(3) ⊂ Sp(6, R)R.
In this way, the Sp(6, R)R generators of intercluster excitations can change the
number of oscillator quanta by either 0 or 2. Thus, acting on the ground state
by the Sp(6, R)R generators one can produce the positive-parity SU(3) cluster-
model states of even oscillator quanta only. The negative-parity cluster-model
states, in turn, consist of odd number of oscillator quanta and are associated with
the SU(3) basis states of the odd irreps of the group Sp(6, R)R.

Similarly one obtains the oscillator realizations for the dynamical group of
collective (internal cluster or major shell) excitations of the two clusters

Sp(6, R)C≡
{
FCij =

A−2∑
s=1

b†isb
†
js, G

C
ij=

A−2∑
s=1

bisbjs, A
C
ij=

1

2

A−2∑
s=1

(b†isbjs+bjsb
†
is)
}

in terms of the harmonic oscillator creation and annihilation operators

b†is =

√
Mω

2~

(
qis −

i

Mω
pis

)
, bis =

√
Mω

2~

(
qis +

i

Mω
pis

)
, (6)

where i, j = 1, 2, 3, s = 1, 2, . . . , A − 2 and M is the nucleon mass [24].
Actually, this realization of the Sp(6, R)C ≡ Sp(6, R)C1

⊗ Sp(6, R)C2
group

corresponds to the case when its K1XC1 + K2XC2 generators (with XC1 ∈
Sp(6, R)C1 andXC2 ∈ Sp(6, R)C2 ) are taken in the formXC1 +XC2 , i.e. when
K1 = K2 = 1. This particular case corresponds to the reduction Sp(6, R)C1

⊗
Sp(6, R)C2

⊃ Sp(6, R)C1+C2
. If needed, one can consider the symplectic

groups related separately to each cluster, i.e.

Sp(6, R)Cα≡
{
FCαij =

Aα−1∑
s=1

b†isb
†
js , G

Cα
ij =

Aα−1∑
s=1

bisbjs , A
Cα
ij =

1

2

Aα−1∑
s=1

(b†isbjs + bjsb
†
is)
}

with α = 1, 2.

126



Symplectic Symmetry Approach to Clustering in Atomic Nuclei: 20Ne

The symplectic basis states of the R- or C-subsystem are determined by the
Sp(6, R)α (α = R,C) lowest-weight state |σα〉, defined by [24, 25]:

Gαij |σα〉 = 0,

Aαij |σα〉 = 0, i < j

Aαii|σα〉 =

(
σαi +

mα

2

)
|σα〉, (7)

and are classified by the following reduction chain

Sp(6, R)α ⊃ Uα(3). (8)
〈σα〉 nαρα [Eα1 , E

α
2 , E

α
3 ]3

For the R-subsystem nR = ρR = mR = 1 and the allowed UR(3) irreps are
only fully symmetric, i.e. of the type [ER, 0, 0]3. Similarly, for the C-subsystem
mC = A−2 and theUC(3) irreps are of general type [EC1 , E

C
2 , E

C
3 ]3 forA > 3.

The Sp(6, R)α basis states can then be represented in the following coupled
form [24, 25]:

|Ψ(σαnαραE
αηα)〉 = [P (nα)(Fα)× |σα〉]ραE

α

ηα , (9)

where Eα = [Eα1 , E
α
2 , E

α
3 ]3 denotes the coupled Uα(3) irrep and ρα is a mul-

tiplicity label of its appearance in the product n ⊗ σα with nα = [nα1 , n
α
2 , n

α
3 ]3

and σα = [σα1 , σ
α
2 , σ

α
3 ]3. Finally, the symbol ηα labels basis states of the group

Uα(3). The basis along the reduction chain (1) can therefore be written in the
form [24, 25]:

|Γ; [ER, 0, 0]3, [E
C
1 , E

C
2 , E

C
3 ]3; [E1, E2, E3]3;κL〉, (10)

where [ER, 0, 0]3, [EC1 , E
C
2 , EC3 ]3, [E1, E2, E3]3, and L denote the irreducible

representations of the UR(3), UC(3), U(3), and SO(3) groups, respectively.
The symbol Γ labels the set of remaining quantum numbers of other subgroups
in (1), and κ is a multiplicity label in the reduction U(3) ⊃ SO(3). Using the
standard Elliott’s notations (λR, µR) = (ER, 0), (λC = EC1 −EC2 , µC = EC2 −
EC3 ), and (λ = E1−E2, µ = E2−E3) for the various SU(3) subgroups and the
relation N = (E1 +E2 +E3) + 3(A− 1)/2 for the number of oscillator quanta
(including the zero-point motion), the basis (10) can alternatively be presented
as

|ΓN ; (ER, 0), (λC , µC); (λ, µ);κL〉, (11)

which turns to be more convenient and will be used in what follows. The matrix
elements of different physical operators then can be represented in this basis in
terms of the SU(3) coupling and recoupling coefficients. The required compu-
tational technique for performing a realistic microscopic calculations is shortly
presented in Ref. [24].
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3 Application

The intrinsic structure of the closed-shell 16O and α clusters of the 20Ne nuclear
system are determined by the SU(3) scalar irreducible representation (λC , µC) =
(0, 0). In this case the more complete cluster dynamics within the SSAC, gov-
erned by Sp(6, R)R ⊗ Sp(6, R)C ⊂ Sp(6(A − 1), R), is reduced to the R-
subsystem dynamics. The C-subsystem does not contribute to the excitation
energies and B(E2) transition probabilities between the corresponding cluster
states. It is well known that the leading SU(3) representation for 20Ne is (8, 0),
which is chosen as a banhead of the Sp(6, R)R collective irreducible space (see
Table 1) relevant to the positive-parity states of the ground Kπ = 0+1 and first
excited Kπ = 0+2 cluster bands in 20Ne. But since the relevant SUR(3) basis
states in the two-cluster 16O + α → 20Ne nuclear system are built up only by
a single relative-motion Jacobi vector qR, only the fully symmetric SUR(3) ir-
reps, given in red in Table 1, are Pauli permissible. The lowest-grade SUR(3)
irreducible representation (λR, 0) = (8, 0) of the Sp(6, R)R irreducible collec-
tive space 0p − 0h (8, 0) is determined by the Wildermuth condition [1] which
requires for the minimum Pauli allowed number of oscillator quanta ER = 8 of
the intercluster excitations.

Table 1. SUR(3) basis states (λ, µ) of the Sp(6, R)R irrep 0p − 0h (8, 0), relevant to
the lowest positive-parity states in 20Ne. The multiple appearance of SU(3) multiplets
is denoted by %. But since the SUR(3) basis states in the two-cluster 16O + α→ 20Ne
nuclear system are built up only by a single relative-motion Jacobi vector qR, only the
fully symmetric SUR(3) irreducible representations given in red are Pauli-allowed.

ER ~ω SU(3) IR′s %(λ, µ)

...
... . . .

12 4 (12, 0), (10, 1), 2(8, 2), (6, 3), (7, 1), (4, 4), (6, 0)

10 2 (10, 0), (8, 1), (6, 2)

8 0 (8, 0)

For the lowest Kπ = 0−1 negative-parity cluster band in 20Ne, often con-
sidered as a partner band to the ground band, we choose the 1p − 1h (9, 0)
irreducible collective space of Sp(6, R)R, given in Table 2.

In the present application, we use the following model Hamiltonian

H = HDS +Hvmix, (12)

where the dynamical symmetry Hamiltonian

HDS =ξC2[Sp(6, R)R] +BC2[SU(3)]

+ C(C2[SU(3)])2 +
1

2J
C2[SO(3)], (13)
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Table 2. SUR(3) basis states (λ, µ) of the Sp(6, R)R irrep 1p − 1h (9, 0), relevant to
the lowest negative-parity states in 20Ne. The multiple appearance of SU(3) multiplets
is denoted by %. But since the SUR(3) basis states in the two-cluster 16O + α→ 20Ne
nuclear system are built up only by a single relative-motion Jacobi vector qR, only the
fully symmetric SUR(3) irreducible representations given in red are Pauli-allowed

ER ~ω SU(3) IR′s %(λ, µ)

...
... . . .

13 5 (13, 0), (11, 1), 2(9, 2), (7, 3), (8, 1), (5, 4), (7, 0)

11 3 (11, 0), (9, 1), (7, 2)

9 1 (9, 0)

is expressed solely by means of the Casimir operators of the Sp(6, R)R, SU(3),
and SO(3) subgroups in the chain (1). The first three terms split in energy
different Sp(6, R)R and SU(3) representations, respectively. Their eigenvalues
are given by the following expressions [33]:

〈C2[SU(3)]〉 =
2

3
(λ2 + µ2 + λµ+ 3λ+ 3µ), (14)

〈C2[Sp(6, R)R]〉 =

3∑
i=1

σi(σi + 8− 2i). (15)

Additionally, to take into account different moment of inertia experimentally
observed for various cluster bands, we use the following energy- and spin-
dependent moments of inertia J = J0(1 + αiEi + βL). Such energy- and/or
spin-dependent moments of inertia are often used in the literature (see, e.g.,
[34–36]). The Hamiltonian (13) acts within the irreducible collective spaces
spanned only by the corresponding Sp(6, R)R bandheads (see, e.g., the lowest-
grade SU(3) irreps of Tables 1 and 2 given at the bottom), which can be consid-
ered as trivially obtained truncated or effective shell-model subspaces. Finally,
the last term in Eq. (12)

Hvmix = vmix

(
AR2 · FR2 + h.c.

)
, (16)

introduces a vertical mixing of different SUR(3) multiplets within the corre-
sponding Sp(6, R)R irreducible collective subspaces.

In Figure 1, we show the results of the diagonalization of the model Hamilto-
nian (12) for the excitation energies of the three lowestKπ = 0+1 ,Kπ = 0+2 , and
Kπ = 0−1 cluster bands in 20Ne, compared with the experimental data [37]. The
values of the fitted model parameters are as follows: ξ = 0.17, B = −1.327,
C = 0.0033, vmix = −0.003 (in MeV), J0 = 1.98 (in MeV−1), β = 0.034,
and α0−1

= 0.069. In addition, the 16O + α threshold energy is also shown in
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Figure 1. Theoretical and experimental [37] excitation energies of the lowest Kπ = 0+1 ,
Kπ = 0+2 , and Kπ = 0−1 cluster bands in 20Ne. The corresponding 16O + α threshold
energy is also shown for completeness.

Figure 1. From the figure one sees that the structure of three considered bands
is well described.

In Figure 2, we show the intraband B(E2) transition strengths in Weisskopf
units between the states of theKπ = 0+1 andKπ = 0−1 bands in 20Ne, compared
with the available experimental data [37]. As E2 transition operators we use
[24]:

TE2
2M =

√
5

16π

[
eeffQ

R
2M + eeff

(Z − 1

A− 2

)
QC2M

]
, (17)

130



Symplectic Symmetry Approach to Clustering in Atomic Nuclei: 20Ne

Figure 2. Comparison of the experimental [37] and theoretical intraband B(E2) values
in Weisskopf units between the states of the Kπ = 0+1 and Kπ = 0−1 bands in 20Ne. For
comparison, the SSAC theoretical predictions in its SU(3) limit for the ground band are
given as well. No effective charge is used.

whereQR2M =
√

3
[
AR2M+ 1

2

(
FR2M+GR2M

)]
andQC2M =

√
3
[
AC2M+ 1

2

(
FC2M+

GC2M

)]
are the quadrupole generators of the symplectic groups Sp(6, R)R and

Sp(6, R)C , respectively. Recall that for two-cluster α + 16O → 20Ne nuclear
system the intrinsic quadrupole operators QC2M do not contribute to the B(E2)
transition strengths. The calculations are performed without the use of an effec-
tive charge, i.e. eeff = e. For comparison, in Figure 2 the theoretical results
for the ground band in the SU(3) limit are also shown, which underestimate the
experimental values. A small SUR(3) admixture from the higher cluster config-
urations allows to reach the experimental values (cf. Figure 3). From the figure
one sees that although the description of the B(E2) transition strengths is not
perfect, but the trend is well described. The theoretical values slightly overesti-
mate the experiment for the higher angular momenta, especially for L = 8. For
the interband B(E2; 0+2 → 2+1 ) and B(E2; 4+2 → 2+1 ) transition probabilities
we obtain 0.63 and 0.95 W.u., which significantly underestimate the experimen-
tal values 3.6 and 5.8 W.u., respectively. ForB(E2; 3−1 → 1−1 ) we get 29.5 W.u.,
to be compared with the experimental value 50(8) W.u., which is in a reasonable
agreement.

Actually 20Ne possesses a complicated structure and it was shown to lie
very close to the critical point between the SU(3) and O(6) shell-model limits
of the ds shell [32]. The O(6) Casimir operator in the shell-model calcula-
tions in [32], associated with the L-pairing in the ds shell, actually introduces a
horizontal mixing of different SU(3) multiplets within the ds shell. The under-
estimated interbandB(E2) transition strengths point out that the description can
be improved in a more sophisticated microscopic calculations within the present
SSAC, in which both the vertical and horizontal mixings of different SU(3) irre-
ducible representations are taken into account, in a manner similar to that given
in Ref. [38] within a microscopic shell-model version of the Bohr-Mottelson
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Figure 3. SUR(3) decomposition of the
wave functions for the cluster states of the
lowest Kπ = 0+1 , Kπ = 0+2 , and Kπ =
0−1 bands in 20Ne for different angular mo-
mentum values.

collective model. Pauli-allowed 0~ω SU(3) irreps for 20Ne in the spin-isospin
occupation scheme are provided by the set: (8, 0), (4, 2), (0, 4), and (2, 0). For
the two-cluster α + 16O → 20Ne nuclear system within the SSAC, this set of
0~ω SU(3) multiplets belongs to different Sp(6, R)R irreducible many-particle
subspaces of the Hilbert space of 20Ne, built up on these SUR(3) multiplets
which represent the corresponding symplectic bandheads. Thus, to mix differ-
ent Sp(6, R)R irreducible representations in the present approach one needs to
involve an Sp(6, R)R symmetry breaking interaction into the model Hamilto-
nian.

Finally, in Figure 3, we give the SUR(3) decomposition of the wave func-
tions for the cluster-model states of the Kπ = 0+1 , Kπ = 0+2 , and Kπ = 0−1
bands in 20Ne for different angular momentum values. From the figure, we see
a similar simple structure for the cluster states of the Kπ = 0+1 and Kπ =
0−1 bands with a predominant contribution of the 0~ω/1~ω SUR(3) multiplet
(8, 0)/(9, 0) and some admixtures due to the mixing to the excited cluster SU(3)
configurations. For the Kπ = 0+2 band, the predominant contribution is from
the SUR(3) multiplet (10, 0) with some small admixtures too. For the ground
and Kπ = 0−1 bands we have almost a pure (∼ 99%) SU(3) structure, while
for the Kπ = 0+2 band the admixtures are up to ∼ 4 − 5%. From the figure
one sees that for the low-values of the angular momentum (up to L = 4) the
SUR(3) amplitudes are approximately L-independent for the states of the three
cluster bands under consideration in 20Ne. The latter indicates the presence of a

132



Symplectic Symmetry Approach to Clustering in Atomic Nuclei: 20Ne

new type of symmetry, referred to as a quasi-dynamical symmetry in the sense
of Refs. [39, 40]. Hence, despite of the mixing of the SUR(3) cluster-model ba-
sis states, the microscopic structure of the experimentally observed cluster states
of the three bands under consideration shows the presence of an approximate
SUR(3) quasi-dynamical symmetry.

4 Conclusions

In the present work we apply the symplectic symmetry approach to clustering
(SSAC) with the essential group structure Sp(6, R)R⊗Sp(6, R)C⊗O(A−2) ⊂
Sp(6(A− 1), R) to the microscopic description of the lowest Kπ = 0+1 , Kπ =
0−1 , and Kπ = 0+2 rotational bands in the classical two-cluster α + 16O→ 20Ne
nuclear system. The latter consist of two scalar SU(3) clusters, so in this partic-
ular case the more complete cluster dynamics within the SSAC is reduced to a
pure intercluster dynamics of the R-subsystem only. A good description for the
excitation energies of these three bands, as well as for the experimentally known
B(E2) transition probabilities between the states of the ground band without
the use of an effective charge, is obtained. The observed ground-band intraband
B(E2) quadrupole dynamics is almost captured by the symplectic bandhead
structure of the relevant Sp(6, R)R irreducible cluster subspace of the nuclear
Hilbert space, so a very small vertical mixing is required to slightly enhance the
theoretical B(E2) transition strengths to reach the experimental values. Mixed
SU(3) irreducible representations are the so-called stretched SU(3) states as-
sociated with the relative-motion cluster excitations. Practically a pure SU(3)
structure (∼ 99%) is obtained for the ground and and Kπ = 0−1 bands, while
for the Kπ = 0+2 band the admixtures are up to ∼ 4− 5%.

The interband transition probabilities B(E2; 0+2 → 2+1 ) and B(E2; 4+2 →
2+1 ) are, however, significantly underestimated by the theory. The nucleus 20Ne
actually represents a complicated structure, which is not easy to be fitted. In Ref.
[32] it has been demonstrated to lie very close to the critical point of the quantum
phase transition between the SU(3) andO(6) shell-model limits of the dsmajor
shell. The complicated structure of 20Ne suggests to perform more sophisticated
SSAC calculations in which both the vertical and horizontal mixings of different
SU(3) irreducible representations are involved, in a manner similar to that given
in Ref. [38] within a microscopic shell-model version of the Bohr-Mottelson
collective model.
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