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Abstract. Recent progress in the microscopic understanding of the subtle in-
terplay between the quadrupole and hexadecapole degrees of freedom in atomic
nuclei will be discussed, both at the mean-field level and from a (dynami-
cal) beyond-mean-field perspective using the finite range and density depen-
dent Gogny interaction. First, the emergence of (static) hexadecapole defor-
mation effects will be considered within the Hartree-Fock-Bogoliubov (HFB)
framework. Second, the stability of those mean-field hexadecapole deforma-
tion effects against zero-point quantum fluctuations and their coupling with the
quadrupole degree of freedom will be considered within the two-dimensional
Generator Coordinate Method (GCM). Results will be illustrated for a large set
of even-even Ra, Th, U and Pu isotopes as well as for Yb, Hf, W and Os nu-
clei. Detailed consideration will be given to static and dynamic features, such
as a transition from a regime in which the quadrupole and hexadecapole degrees
of freedom are interwoven to a regime in which they are decoupled. It will be
shown that, for the studied nuclei, the dynamical quadrupole-hexadecapole con-
figuration mixing brings a nontrivial additional correlation energy gain compa-
rable to the quadrupole correlation energy itself. All these results point towards
the non-trivial physics brought by the inclusion of higher order deformations in
the dynamics of both ground and excited states.

1 Introduction

The concept of intrinsic deformation plays a prominent role in our understanding
of low-energy nuclear structure. Both ground and excited states of atomic nu-
clei exhibit a broad range of shapes, characterized by the corresponding multiple
moments (), and their associated deformation parameters 8, [1]. Within this
context, axial and triaxial quadrupole deformations, and their impact on spectro-
scopic nuclear properties, are among the most studied all over the nuclear chart
(see, for example, [2—6] and references therein).

Correlation effects associated with octupole deformed shapes have also re-
ceived close scrutiny (see, for example [7-9] and references therein) in cer-
tain regions of the nuclear chart, where those deformations are energetically
favored [10]. In particular, previous (constrained) Hartree-Fock-Bogoliubov
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(HFB) calculations followed by two-dimensional (2D) Generator Coordinate
Method (GCM) calculations [7-9], based on the Gogny [11] energy density
functional (EDF), have already revealed a weak coupling between the (axial)
quadrupole @)oo and octupole ()39 moments, a feature that might be anticipated
from the different parity quantum numbers of those moments.

In comparison with the quadrupole and octupole cases, higher-order nuclear
deformations, such as hexadecapole deformations, have received less detailed
attention [12—14]. However, previous Gogny HFB+2D-GCM calculations [14]
have revealed the nontrivial effects associated with the inclusion of hexadecapole
deformation in the ground state dynamics. It has been found that in some regions
of the nuclear chart the quadrupole and hexadecapole degrees of freedom are in-
terwoven, i.e., full-fledged 2D-GCM calculations are required. Furthermore, it
has also been shown [14] that 2D-GCM calculations, with the quadrupole (35
and hexadecapole 8, parameters as generating coordinates, provide a non triv-
ial additional correlation energy gain comparable to the quadrupole correlation
energy itself.

In this contribution, we discuss recent progress [15, 16] in our understanding
of the emergence of (static) HFB hexadecapole deformations in different regions
of the Segre chart, as well as their stability and coupling to the quadrupole mo-
ment once (dynamical) beyond-mean-field correlations are taken into account.
The paper is organized as follows. Our theoretical framework, i.e., the HFB+2D-
GCM approach [7-9, 15, 16], is briefly outlined in Sec. 2. We have performed
calculations for a large set of nuclei in two regions of the nuclear chart, i.e., the
isotopic chains 2327268Ra , 232-208Th, 232-268(y 232-268py apq the isotopic
chains 170-202yp 170-202f 170-202yy 170-202()¢ However, in order to illus-
trate the main tendencies in our calculations as well as for the sake of brevity, in
Sec. 3, we will mainly discuss results obtained for U isotopes in the first region,
and for W in the second region. We stress that similar results have been obtained
for Ra, Th, Pu as well as for Yb, Hf, Os nuclei. Mean-field and beyond-mean-
field results will be presented in Secs. 3.1 and 3.2, respectively. Finally, Sec. 4
is devoted to the concluding remarks.

2 Theoretical Framework

We have resorted to the HFB+2D-GCM scheme [7-9, 15, 16]. In what fol-
lows, we briefly outline our mean-field and beyond-mean-field computational
schemes, based on the parametrization D1S of the Gogny-EDF [11]. First, we
have performed Gogny-HFB calculations with (shape) constrains on the axially
symmetric quadrupole QQO and hexadecapole Q40 operators. The quadrupole
Q20 and hexadecapole Q4o moments are obtained as average values QQyg =
(p|@xrol) (A = 2,4) in the HFB states | ). As a result of these constrained cal-
culations, we have obtained the mean-field potential energy surfaces (MFPESs),
i.e., the HFB energies as functions of the quadrupole (> and hexadecapole (34
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deformations, which are related to the quadrupole Q29 and hexadecapole Q49
moments as

3R)A

Qo= oD

B )

with Ry = 1.2A'/3 and A the mass number. We have employed to a large axially
symmetric harmonic oscillator (HO) basis containing 17 major shells with the
oscillator lengths b, = b, = by = 1.01A'/6. For each of the studied nuclei,
both (intrinsic) HFB states | () and energies Ep 3 (3) have been obtained in
a large (32, 84)-mesh with appropiate steps d32 and §34, respectively [15, 16].
Note, that we have introduced the shorthand notation 5 = (B2, B4)-

As a second step, dynamical fluctuations in the quadrupole and hexade-
capole deformations, have been considered in ground (¢ = 1) and excited
(0 =2,3---) states with the 2D-GCM ansatz

-,

WS conr) = / b1 (B)le(B) @

where the amplitudes f( E ) have been determined via the solution of the Griffin-

Hill-Wheeler (GHW) equation [1, 15, 16]. As the HFB states |p(8)) are not
orthonormal, we need to consider the collective wave functions [1]

Gg(gl) :/dgz N%(§1,52)f0(52) 3)

to obtain a probabilistic interpretation. In Eq. (3) A/ 2 (51, 32) represents the op-
erational square root of the 2D-GCM norm kernel [1]. Dynamical deformation
parameters, associated with the state Eq. (2), can be computed using general
expressions developed in previos studies [15, 16].

3 Results

In this section, we discuss the results of calculations. We will mainly concentrate
on U and W nuclei, to illustrate the main tendencies in our calculations. Similar
results have been obtained for Ra, Th, Pu and Yb, Hf, Os nuclei.

3.1 Results of mean-field calculations

The MFPESs obtained for 236:238,240,256,260,268(] 44 172,176,180,188,192,200\y
are depicted in Figures 1 and 2, as illustratives examples. In our calculations for
Ra, Th, U and Pu nuclei, we have obtained ground state S, values within the
range 0.24 < [y < 0.28 up to A = 248, whereas for larger mass numbers they
decrease reaching values —0.12 < 35 < 0.0 for 266:268Ra, 266,268 T 266,268(]
and 258Pu. For '"9~190W the ground state deformations vary within the range
0.18 < B3 < 0.34. Oblate-deformed ground states are obtained for 192198\
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Figure 1. Mean-field potential energy surfaces (MFPESs) computed with the Gogny-D1S
energy density functional (EDF) for the isotopes 23¢:238,240,256,260,268(5 Contour lines
extend from 0.25 MeV up to 1 MeV above the ground state energy in steps of 0.25 MeV
in the ascending sequence full, long-dashed, medium-dashed and short-dashed. The next
contours following the same sequence correspond to energies from 1.5 MeV up to 3 MeV
above the ground state in steps of 0.5 MeV. From there on, dotted contour lines are drawn
in steps of 1 MeV. For each nucleus, the two perpendicular dotted lines A and B are
drawn along the principal axes of the parabola that approximates the HFB energy around
the absolute minimum of the MFPES. A vertical full line is drawn to signal the S2 = 0
line whereas a full horizontal line is drawn to signal the 54 = 0 line. For more details,
see the main text.

with —0.16 < By < —0.8, while 35 = 0 for 200:202W. Similar results have been
found for 170_202Yb, 170—202Hf and 170_20208.

As illustrated in Figure 1, sizable HFB (4 values (0.09 < (o < 0.17) are
obtained around 238U, which agrees well with the conclusions of Ref. [17]. With
increasing mass number, the 34 deformations decrease up to 54 = 0 for 248Ra,
250Th, 252U and 25?Pu. As one approaches the neutron shell closure N =
184 [18], negative —0.04 < B4 < —0.02 values are predicted for 2°0~264Ra,
252-264T}  254-2641] gpd 256-266py,  As can been from Figure 2, diamond-
like shapes with 0.04 < £, < 0.10 are found for '"°~1"8W. On ther other
hand, as one approaches the neutron shell closure N = 126 [18], negative
—0.08 < B4 < —0.02 values are predicted for 82198W, The ground states
of 180:200.202W correspond to 8, = 0. Similar results have been found for Yb,
Hf and Os nuclei.
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Figure 2. The same as in Figure 1, but for the isotopes 172+176:180,188,192,200%y Eor more

details, see the main text.

In Figures 1 and 2, for each nucleus, the dotted line A runs parallel to the
bottom of the energy valley in the neighborhood of the absolute minimum of
the MFPES and the line B represents the direction perpendicular to A. Along
both directions A and B, the HFB energy exhibits a parabolic behavior and the
parameter 34 depends linearly on 35 [15,16]. As can be seen from the figures,
for some of the studied nuclei, the lines A and B are tilted with respect to both
the B2 and B, axes indicating, that the quadrupole and hexadecapole degrees
are interwoven, i.e., full-fledged 2D-GCM calculations must be carried out for
those nuclei [15, 16]. On the other hand, in the case of heavier nuclei (such as,
for example, 260268 and 192:290W in the figures) the directions A and B run
parallel to the 55 and 34 axes, respectively, pointing towards a decoupling of the
quadrupole and hexadecapole degrees of freedom. Thus, with increasing mass
number, our (static) Gogny-HFB calculations predict a transition from a regime
in which the quadrupole and hexadecapole degrees of freedom are interwoven
to a regime in which they are decoupled.

3.2 Results of beyond-mean-field calculations

The ground state collective wave functions obtained for 236,238,240,256,260,268y

are plotted in Figure 3, as illustrative examples. From a quantum mechanical
point of view, the first stricking feature seen from the figure is that for some of
the studied nuclei (236:238:240,:256()) those collective wave functions align pre-
cisely along the directions A and B (see, Figure 1), i.e., the quadrupole and
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Figure 3. Collective wave functions corresponding to the ground states of the nuclei
236,238,240,256,260,268() The succession of solid, long dashed and short dashed contour
lines starts at 90% of the maximum value up to 10% of it. The two dotted-line contours
correspond to the tail of the amplitude (5% and 1% of the maximum value). For each
nucleus, the two perpendicular dotted lines A and B are drawn along the principal axes
of the parabola that approximates the HFB energy around the absolute minimum of the
MFPES and are the same as in Figure 1. A vertical full line is drawn to signal the 82 = 0
line whereas a full horizontal line is drawn to signal the 54 = 0 line. Results have been
obtained with the Gogny-D1S EDF. For more details, see the main text.

hexadecapole degrees are dynamically coupled. On the other hand, for heavier
nuclei (269:2680), the strengths align paralell to the 35 axis, i.e ., the quadrupole-
hexadecapole coupling is rather weak.

The collective wave functions corresponding to the first excited states in
236,238,240,256,260,2681J are depicted in Figure 4, as illustrative examples. For
nuclei such as 236-2400 (238:256J) they correspond to phonons aligned along the
tilted direction A (B), i.e., the quadrupole and hexadecapole degrees are inter-
woven. On the other hand, for 269:268U the collective amplitudes align parallel
to the quadrupole axis, i.e., the quadrupole and hexadecapole degrees are de-
cupled in those first excited states. Similar conclusions can be extracted from
the analysis of the structural evolution of the collective wave functions obtained
for 232-268R, | 232-268Tp 232-268py apd 170-202yp 170-202pyf 170-202yy
170-202(95 Thus, for the ground and excited states of the studied nuclei, a tran-
sition from a regime in which the quadrupole and hexadecapole degrees of free-
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Figure 4. The same as in Figure 3 but for the first excited 2D-GCM states of the nuclei
236,238,240,256,260.2681) For more details, see the main text.

dom are interwoven to a regime in which they are decoupled, takes place with
increasing mass number [15, 16].

For ground (¢ = 1) and first excited (¢ = 2) 2D-GCM states, we have
computed the corresponding (dynamical) quadrupole and hexadecapole defor-
mations. The values of the ground state BQ’E},_ aom and Bff;%,_ ac v deforma-
tions corroborate the stability of HFB deformation effects. Moreover, in good
agreement with the polar gap model [18], the 375} _ s values confirm the
survival of regions with small negative hexadecapole deformations as we ap-
proach the N = 184 and N = 126 neutron shell closures along the Ra, Th, U,
Pu and Yb, Hf, W, Os isotopic chains, respectively. Among other relevant fea-
tures, the 65’5%_6@ A and BZE%_GC s deformations obtained for the first ex-
cited states reveal, that the transition between different quadrupole-hexadecapole
coupling regimes is accompained by an enhanced shape coexistence in the more
neutron-rich sectors of the considered isotopic chains. For more details, the
reader is referred to Refs. [15, 16].

Finally, let us turn the attention to one of the main outcomes of the calcula-
tions. To this end, in Figure 5, we have plotted the 2D-GCM correlation energies
Ecorr2p—Goum obtained for 23272681 and 179-292W, as illustratives examples.
Those correlation energies are defined as the difference

EC()’r'r,QD_GCM = EHFB,gs _ EG’:l @
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Figure 5. The 2D-GCM correlation energies Fcorr,2p—ccnm (full circles) obtained for
232-268(J [panel (a)] and *"°~2°2W [panel (b)]. Correlation energies Ecorr1D—ccr,a
and Ecorr,1p—GcMm,B obtained in 1D-GCM calculations along the directions A (full
triangles) and B (full diamonds) are also included in the plots. The dotted lines in the
panels correspond to the sum of 1D-GCM correlation energies along the directions A and
B. Results have been obtained with the Gogny-D1S EDFE. For more details, see the main
text.

between the HFB Exrp g5 and 2D-GCM Eo=1 ground state energies. We
have obtained 1.42 MeV < E¢oprop—com < 1.72 MeV and 1.15 MeV <
Ecorrep—ccom < 1.73 MeV for the studied Ra, Th, U, Pu and Yb, Hf, W, Os
nuclei, respectively. These ranges of variation (0.30 MeV and 0.58 MeV) com-
pare well with the rms for the binding energy in Gogny mass tables [19], and
suggest that Ecorr2p—qonm energies should be included in future parametriza-
tions of the Gogny-EDF.

In Figure 5, we have also included the correlation energies Ec o1 D—GoM, A
and Ecorr.1p—cgom,B obtained in 1D-GCM calculations along the directions
A and B. The figure illustrates the key role of the directions A and B, as the
sum Ecorr1p—coMm,a + Ecorrip—com, B accounts for a significant portion
of Ecorr2p—ccnm. Note that, as expected, the energies Ecorr1D—GoM, A are
rather similar to the ones obtained in 1D-GCM calculations with the quadrupole
moment as single generating coordinate (quadrupole correlation energy) [14—
16]. For the studied Ra, Th, U, Pu nuclei we have found that in going from the
A and B 1D-GCM to the 2D-GCM calculations, we obtain the additional corre-
lation energies 0.74 MeV < §E¢orr < 0.81 MeV and 0.66 MeV < §Ecgrr <
0.94 MeV. The corresponding values for Yb, Hf, W, Os nuclei are 0.68 MeV <
0FEcorr < 0.77MeV and 0.69 MeV < §Ecr < 0.87 MeV. These results, rep-
resent a warning for GCM practitioners regarding the slow convergence of the
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nuclear correlation energy with respect to the shape multipole moments included
in the ansatz Eq. (2).

4 Conclusion

In this contribution, we have discussed recent progress in our microscopic un-
derstanding of the quadrupole-hexadecapole coupling in atomic nuclei, using the
Gogny-D1S HFB+2D-GCM scheme. Results have been discussed for a selected
set of Ra, Th, U, Pu and Yb, Hf, W, Os nuclei.

For several of the studied nuclei the MFPESs, obtained at the (static) HFB
level, exhibit global minima corresponding to hexadecapole deformations differ-
ent from zero. At the 2D-GCM level, we have confirmed the stability of mean-
field deformation effects as well as the key role played by zero-point (8z, 84)-
fluctuations in the ground and excited states of the considered nuclei. From a
dynamical perspective, the structural evolution of the 2D-GCM collective wave
functions corroborates that the ground and excited states of the lighter isotopes,
in each of the considered isotopic chains, correspond to diamond-like shapes.
On the other hand, square-like shapes have been predicted for Ra, Th, U, Pu
and Yb, Hf, W, Os nuclei just below the neutron magic numbers N = 184 and
N = 126, respectively. Furthermore, the patterns observed in the 2D-GCM col-
lective strengths with increasing mass number, point towards a transition from a
regime in which the quadrupole and hexadecapole degrees of freedom are inter-
woven to a regime in which they are decoupled.

For the studied Ra, Th, U, Pu and Yb, Hf, W, Os nuclei, we have found that
the ranges of variations of the (2, 84)-GCM correlation energies compare well
with the rms for the binding energy in Gogny mass tables. Therefore, such cor-
relation energies should be taken into account in future fitting protocols of the
Gogny-EDF. The comparison of 2D-GCM and 1D-GCM calculations, reveals
the nontrivial physics brought by the inclusion of hexadecapole deformation in
the ground state dynamics. In particular, (33, 84)-GCM calculations provide an
additional correlation energy gain similar to the quadrupole correlation energy
itself. All these results, encourage a more detailed analysis of the slow conver-
gence of the nuclear correlation energy as well as of the coupling between the
quadrupole and higher-order shape multipole moments (for example, hexacon-
tatetrapole ¢ deformations). Work along these lines is in progress and will be
reported in future publications.
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