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Abstract. A detailed understanding of nuclear collective excitations and as-
trophysical processes necessitates theoretical approaches that surpass the lim-
itations of the Random Phase Approximation (RPA). While RPA has been in-
strumental in describing small-amplitude oscillations in nuclei, its simplicity,
rooted in the 1-particle–1-hole (1p–1h) configuration space, leads to its limita-
tions to account for the fragmentation of nuclear strength, the spreading width,
and the neglect of multi-particle correlations crucial for describing higher-order
phenomena. To resolve these limitations, we have recently developed and ap-
plied a fully self-consistent relativistic Second Tamm-Dancoff Approximation
(RSTDA) and Second Random Phase Approximation (RSRPA) framework,
which incorporates 2-particle–2-hole (2p–2h) configurations. Both methods
aregrounded in relativistic nuclear energy density functional theory, providing a
microscopic foundation for the description of nuclear excitations. Our work fo-
cuses on the fragmentation of isoscalar and isovector monopole and quadrupole
transitions in 16O, 40Ca, and 48Ca. The subtraction method was employed
to consistently eliminate double-counting effects and infrared divergence. We
explored the impact of the subtraction method by comparing results with and
without its application in both RSRPA and RSTDA. Preliminary SRPA results
for selected transitions provide a perspective for further analysis of higher-order
correlations. These findings emphasize the importance of complex configura-
tions and the subtraction method in achieving a detailed microscopic description
of nuclear collective phenomena.

1 Introduction

The theoretical description of collective nuclear excitations is essential for un-
derstanding fundamental properties of atomic nuclei and their role in various
astrophysical processes. Standard approaches, such as the relativistic Random
phase approximation (RRPA) and relativistic Tamm-Dancoff approximationx
(RTDA), are limited to one-particle–one-hole (1p–1h) configurations [1, 2].
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These models are capable of describing certain low-lying states and the gross
features of giant resonances. However, they cannot fully account for experi-
mentally observed phenomena such as the fragmentation of transition strength,
spreading widths, and the presence of complex correlations, particularly in light
nuclei and exotic systems [3–7].

To overcome these limitations, theoretical frameworks have been developed
that extend beyond the simple 1p–1h configuration space [8–15]. In our re-
cent works, we introduced the relativistic second Tamm-Dancoff approxima-
tion (RSTDA), which incorporates two-particle–two-hole (2p–2h) configura-
tions within the relativistic point-coupling energy density functional [16–18].
The subtraction method was implemented to eliminate double counting of cor-
relations, ensuring a consistent coupling between simple and complex configura-
tions [17,18]. Applications of the RSTDA to isoscalar monopole and quadrupole
transitions in 16O demonstrated improved description of fragmentation and fine
structure of the nuclear response [17]. Nevertheless, the RSTDA framework re-
mains limited by neglecting backward-going amplitudes and certain dynamical
correlations that are essential for a complete treatment of nuclear excitations.

More recently, we have taken the next step by introducing the relativis-
tic Second Random Phase Approximation (RSRPA) [19]. By including both
forward- and backward-going amplitudes, the RSRPA enables a fully correlated
treatment of 1p–1h and 2p–2h configurations. This provides a more realistic
description of damping mechanisms and the microscopic origins of spreading
widths in giant resonances. Moreover, the relativistic formulation guarantees
self-consistency between ground-state correlations and excited states, in accor-
dance with the principles of covariant density functional theory and the underly-
ing symmetries of quantum chromodynamics (QCD).

In this work, we investigate the microscopic mechanisms driving strength
fragmentation and spreading within the diagonal approximation of the relativis-
tic RSTDA and the RSRPA. We apply the newly developed RSTDA framework
to the study of isoscalar giant monopole resonances (ISGMR) and isoscalar giant
quadrupole resonances (ISGQR) in 16O, 40Ca, and 48Ca within limited config-
uration spaces. By systematically comparing the results obtained with RTDA,
the diagonal approximation of RSTDA(d), and its subtracted counterpart, i.e.,
RSSTDA(d), the study investigates the characteristics of giant resonances, in-
cluding the energy spectra, strength distributions, and fragmentation patterns.
For the diagonal approximation of RSRPA (RSRPA(d)) and its subtracted ver-
sion (RSSRPA(d)), we have presented only illustrative results for the ISGMR
and IVGMR in 40Ca, in order to draw a parallel with STDA and to facilitate a
comparison of the obtained results (see also Ref. [18]).

While the present study is limited to the diagonal approximation, the full
form of RSRPA, both with and without the subtraction procedure, has been re-
cently developed and applied to 16O in a study [19]. For 40Ca and 48Ca, only
preliminary results have been obtained and analyzed in the larger configuration
space, including the influence of couplings between two-particle–two-hole (2p–
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2h) configurations, which will be addressed in future work. Such developments
will allow for a more comprehensive description of nuclear excitations and pro-
vide a solid foundation for the study of open-shell nuclei and astrophysically
relevant nuclear processes.

2 Theoretical Framework

2.1 From Thouless theorem to RSRPA equations

Standard approaches for description of nuclear excitations, based solely on 1p–1h
configurations, often are insufficient to capture the complexity of nuclear dy-
namics, especially in the presence of collective modes and higher-order corre-
lations. To properly account for the coupling between single-particle states and
more complex excitations, the conventional Thouless operator must be general-
ized. In this extended framework, the excited Slater determinant includes contri-
butions not only from 1p–1h and 1α–1h, but also from 2p–2h configurations [8].
This leads to a generalized excitation operator of the form [17]

Ẑ(t) =
∑
ph

Z
(1)
ph (t) a†pah +

∑
αh

Z
(1)
αh (t) a†αah

+
1

4

∑
pp′hh′

Z
(2)
pp′hh′(t) a

†
pa
†
p′ah′ah, (1)

where the first two terms describe the usual 1p–1h and 1α–1h excitations (the
symbol α denotes states from the Dirac sea of negative energies), while the
last term explicitly incorporates two-particle-two-hole correlations (2p–2h), en-
abling a more comprehensive treatment of complex nuclear configurations.

The complete time-dependent wave function of the quantum system can be
constructed by acting with the generalized excitation operator Ẑ on the ground
state. The expression of the full wave function is then given by [19]

|Φ(t)〉 = exp
(
Ẑ(t)

)
|Φ0〉. (2)

The equations of motion for the time-dependent excitation amplitudesZ(1)
ph (t),

Z
(1)
αh (t), andZ(2)

pp′hh′(t) are obtained within the framework of the time-dependent
variational principle. Following the strategy outlined in our recent work [19], we
employ a symmetrized version of the Dirac-Frenkel variational approach, which
has been shown to provide a consistent treatment of correlations beyond the
standard RPA level [19]. In this formalism, the dynamics of the system is de-
termined by imposing that the action functional remains stationary under small
variations of the excitation amplitudes. The action is defined as [19]

S[Z(1), Z(2), c.c.]=
1

2

∫
dt(〈Φ(t)|i∂t−Ĥ|Φ(t)〉+〈Φ(t)|−i

←−
∂t−Ĥ|Φ(t)〉), (3)
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where Ĥ is the many-body relativistic Hamiltonian of the system and |Φ(t)〉
is the wave function introduced in Eq. (2). This framework naturally extends
beyond the RPA by incorporating both one- and two-particle-two-hole configu-
rations within a unified description of collective nuclear excitations.

After carrying out the variational procedure and simplifying the resulting
expressions, the equations of motion can be recast into a compact and more
familiar matrix form [19]:(

A B
−B∗ −A∗

)(
X
Y

)
= ~ω

(
X
Y

)
, (4)

where A and B matrix contain the following blocks:

A =

(
A11 A12

A21 A22

)
, and B =

(
B11 B12

B21 B22

)
. (5)

This matrix representation corresponds to the SRPA framework, which extends
the standard RPA by incorporating not only the residual interactions within the
individual subspaces, but also the explicit coupling between the 1p–1h (1α–1h)
and 2p–2h configurations. Detailed expressions for the matrix elements of all
blocks of the A and B matrices, which also account for the rearrangement con-
tributions, are provided in the Refs. [17, 19]. When the matrix B vanishes, the
(R)SRPA equations reduce to the (R)STDA form.

2.2 DD-PC1 parametrization of Lagrangian

Relativistic energy density functionals with density-dependent point-coupling
interactions provide a consistent basis for nuclear structure calculations. Includ-
ing the free-nucleon and electromagnetic components, the Lagrangian density
takes the form [20, 21]:

L = ψ̄ (iγµ∂
µ −m)ψ − 1

2
αS(ρ)

(
ψ̄ψ
) (
ψ̄ψ
)

− 1

2
αV (ρ)

(
ψ̄γµψ

) (
ψ̄γµψ

)
− 1

2
αTV (ρ)

(
ψ̄~τγµψ

) (
ψ̄~τγµψ

)
− 1

2
δS∂ν

(
ψ̄ψ
)
∂ν
(
ψ̄ψ
)
− eψ̄γµAµ

1− τ3
2

ψ. (6)

In this formulation, the density dependence is explicitly included in the case of
the isoscalar-scalar αS(ρ), isoscalar-vector αV (ρ) and isovector-vector coupling
αTV (ρ) as

αi [x] = ai + (bi + cix) exp(−dix), (7)

where x = ρ/ρsat, ρ stands for barion (vector) density and ρsat for the nucleon
density at saturation in the symmetric nuclear matter [20, 21]. In this work, the
DD-PC1 parametrization is adopted [21].

232



Advancing the Microscopic Relativistic Description of Nuclear Excitations

2.3 Transition strength

In order to investigate collective spin-independent modes within the RSRPA, the
external field operator F is defined as:

F̂ IS
λM =

∑
i

rki YλM (Ωi),

F̂ IV
λM =

∑
i

rki YλM (Ωi)t̂z(i),
(8)

for the isoscalar (IS) and isovector (IV) channel, respectively. For the monopole
operator, λ = 0 and k = 2, while for the quadrupole operator λ = 2 and k = 2.
The strength distribution associated with this operator is defined as

SF (ω) =
∑
ν

|〈ν|F̂ |0〉|2 δ(ω − ων), (9)

where |ν〉 are the excited states obtained by solving the (R)SRPA eigenvalue
problem, and ων are the corresponding excitation energies.

The transition matrix element is then computed as

〈ν|F̂ |0〉=
∑
ph

(
fphX

(1)ν
ph +fhpY

(1)ν
ph

)
+
∑
αh

(
fαhX

(1)ν
αh +fhαY

(1)ν
αh

)
, (10)

where fph = 〈p|f̂ |h〉 are the single-particle transition matrix elements of the
operator f̂ . The 2p-2h states do not contribute at this order, as the one-body op-
erator F̂ cannot connect them directly to the reference state |Φ0〉. In the RSTDA
case, Eq. (10) consists only of forward-going (X) amplitudes.

2.4 Subtracted form of diagonal SSRPA

The subtraction procedure was carried out following Ref. [14], while the matrix
formulations for the diagonal case of the subtracted RSRPA (RSSRPA(d)) were
based on our previous work [17]:

ASD=

(
A11′ +

∑
2A12(Adiag

22 )−1A21′ +
∑

2B12(Adiag
22 )−1B21′ A12

A21 Adiag
22

)
,

(11)

BSD=

(
B11′ +

∑
2A12(Adiag

22 )−1B21′ +
∑

2B12(Adiag
22 )−1A21′ B12

B21 0

)
.

For the (R)SSTDA(d), the previous expression simplifies to

ASD =

(
A11′ +

∑
2A12

(
Adiag

22

)−1
A21′ A12

A21 Adiag
22

)
,

BSD = 0.

(12)
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3 RSTDA and RSSTDA Results

3.1 ISGMR and ISGQR

Figure 1 presents the Lorentz-smoothed strength distributions for the ISGMR
and ISGQR in 16O, 40Ca, and 48Ca, obtained using the RSTDA(d) and RSSTDA(d)
approaches. For all calculations, the major quantum number was consistently set
to N = 8 to allow for a straightforward comparison across different nuclei and
approaches. The RTDA results are included for reference, providing a baseline
for assessing the improvements introduced by the extended formalism.

The ISGMR strength distributions for all approaches in 16O lie almost en-
tirely above the experimental centroid energy (21.13 MeV [3]), indicating that
the major quantum number N = 8 is insufficient for an accurate description
in this nucleus. For 40Ca and 48Ca, both RSTDA and RSSTDA(d) yield cen-
troid energies that are in good agreement with the experimental values (19.18
MeV [4] and 19.88 MeV [6]), although somewhat larger downward shifts of

Figure 1. Lorentzian-smoothed isoscalar GMR and GQR strength distributions in 16O,
40Ca and 48Ca calculated using the RSTDA(d), RSSTDA(d), and RTDA. Part of the
results, namely the ISGQR in 16O and 40Ca and the ISGMR in 40Ca, have been reported
earlier in [18]. The arrows indicate the experimental centroid energies for each mode
[3, 4, 6].
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the peaks are observed in the case of RSTDA(d). Specifically, for the ISGMR
in 40Ca, the centroid energies amount to 21.06 MeV in RSSTDA(d) [18] and
21.55 MeV in RTDA, while in 48Ca the corresponding values are 20.15 MeV
and 20.41 MeV, respectively. On the other hand, the RSSTDA(d) shifts in the
ISGMR spectrum exhibit a weak energy dependence, tending to converge for
2p–2h cutoff values above 120–140 MeV in 40Ca or 16O and above≈ 110 MeV
in 48Ca.

In contrast, for the ISGQR in 40Ca, the RSTDA(d) response shows a signif-
icant downward shift of the peak energies, and for 2p–2h cutoff values exceed-
ing 100 MeV, parts of the spectrum even enter the unphysical negative-energy
region. For 16O and 48Ca, pronounced shifts of the peak energies are observed.
Nevertheless, in both cases, the strength distribution remains entirely within the
physical (positive-energy) region, even for high 2p–2h energy cutoff values up to
200 MeV in 16O and up to 100 MeV in 48Ca. In the case of the ISGQR in 40Ca,
the centroid energy predicted by the RSSTDA(d) approach (18.88 MeV [18])
shows improved agreement with the experimental value (17.84 MeV), compared
to the RTDA result (19.59 MeV). A similar trend is observed for 48Ca, where
the centroid energy obtained with RSSTDA(d) (18.54 MeV) is closer to the ex-
perimental value (18.61 MeV) than the RTDA result (19.77 MeV). For details
on other moments and the width of the distribution in 16O and 40Ca, the reader
is referred to Ref. [18].

These observations demonstrate the intrinsic limitations of the RSTDA(d)
approach and highlight the importance of employing the RSSTDA(d) to achieve
a more reliable and physically consistent description of both the monopole and
quadrupole responses.

3.2 Infrared divergence

Figure 2 illustrates the calculated discrete ISGQR strength distributions in 40Ca,
providing insight into the impact of different theoretical approaches on the ex-
citation spectrum. The RSSTDA(d) results show a more stable spectrum with
peaks concentrated at specific energies, indicating improved convergence. In
contrast, the RSTDA(d) spectrum exhibits additional fragmented peaks, par-
ticularly at lower excitation energies, reflecting stronger mixing and reduced
stability. This behavior can be interpreted as a manifestation of an infrared di-
vergence in a broader sense, associated with the sensitivity of low-energy states
to the cutoff and configuration space. The RTDA solution differs significantly
from both of the mentioned RSRPA approaches. For the chosen 2p–2h cut-
off, the RSTDA(d) shows eigenvalue shifts of up to 30 MeV relative to the
RTDA reference, with some eigenvalues even dropping deeply into the nega-
tive excitation-energy region, where they lack a clear physical interpretation. In
contrast, in RSSTDA(d) these shifts are much more localized, remaining within
approximately 5 MeV. Furthermore, when compared to the experimental cen-
troid energy for 40Ca (17.84 MeV [4]), the lowest state obtained within RTDA
lies at a higher energy than the experimental centroid.
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Figure 2. Comparison of discrete ISGQR strength distributions in 40Ca, calculated using
the RSTDA(d) and RSSTDA(d) with a 2p–2h energy cutoff of Ecutoff = 120 MeV. The
standard TDA result is included in both panels as red dashed lines for reference.

4 RSRPA and RSSRPA Results

As an illustrative example of the excitation spectrum description, we consider
the ISGMR and IVGMR in 40Ca (see Figure 3), calculated using two approaches,
i.e., RSRPA(d) and RSSRPA(d). In these calculations, a major oscillator quan-
tum number of N = 8 was employed. The RSRPA(d) results exhibit a sys-
tematic downward shift of the eigenvalues with increasing configuration space.
For small cutoff energies, the shift is of the order of a few hundred keV, while
for cutoff values above approximately 120 MeV the shift reaches several MeV.
In contrast, the RSSRPA(d) approach demonstrates significantly greater stabil-
ity, i.e., the eigenvalues display only minor displacements up to ≈ 1 MeV and
tend to converge as the cutoff energy exceeds 120 MeV. This behavior highlights
the improved robustness of the RSSRPA(d) formalism in describing collective
monopole excitations and its suitability for reliable predictions of giant reso-
nance properties.

5 Conclusion

In this study, we have presented selected results obtained using the RSTDA(d)
and its subtracted counterpart (RSSTDA(d)) for the doubly magic nuclei 16O,
40Ca, and 48Ca. The present analysis has focused on the energy spectrum and
excitation properties of the ISGMR and the ISGQR within a limited configura-
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Figure 3. Discrete (a) ISGMR and (b) IVGMR strength distributions in 40Ca calculated
for different 2p-2h cutoff energies using the RSRPA(d) and RSSRPA(d). The sequence of
subplots corresponds to increasing 2p–2h cutoff values, demonstrating how the response
evolves as additional configurations are taken into account.

tion space. A more detailed investigation, including the full implementation of
the RSTDA and RSSTDA, using larger configuration space, was performed for
16O and reported in Ref. [17], while the corresponding analysis for 40Ca and
48Ca is in progress.

Particular attention was given to the ISGQR, where the occurrence of the
infrared divergence in the RSTDA(d) framework was investigated. This diver-
gence leads to unphysical shifts of the excitation spectrum towards lower ener-
gies, and in many cases even to negative energies, especially when larger 2p–2h
energy cutoffs are employed.

In addition, we have presented the first results of the RSRPA in the diagonal
approximation, both with and without the subtraction procedure, for the ISGMR
in 40Ca. It was observed that the RSRPA exhibits trends similar to those previ-
ously reported for the RSTDA in recent works [17, 18]. These findings indicate
that the diagonal approximation within the RSRPA framework inherits the same
infrared instabilities as the RSTDA, and further emphasize the importance of
implementing the subtraction procedure to obtain a physically consistent de-
scription of the collective nuclear response.
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A detailed comparative analysis of the diagonal RSTDA and RSRPA is be-
yond the scope of the present work and will be addressed in a forthcoming study.
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[1] N. Paar, P. Ring, T. Nikšić, D. Vretenar, Phys. Rev. C 67 (2003) 034312.
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